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Introduction
This work is about the relations between some properties which can occur
for an infinite algebraic extension K of the rationals.
The first property we shall consider is the uniformly boundedness of the local
degrees of K, namely the existence of a constant b, depending only on the field
K, such that for every prime number p and every place vp of K which extends
the p-adic one, the completion of K with respect to vp is a finite extension of
Qp of degree bounded by b.
The second property is the inclusion of the extension K in a field Q(d),
which is defined as the compositum, in the algebraic closure of the rationals, of
all number fields of degree at most d over Q.
The inquiry into the relation between these two properties was motivated by
Bombieri and Zannier’s paper [2], which studies the Northcott property (of the
finiteness of elements of bounded absolute Weil height) for certain infinite ex-
tensions of Q. The paper considers in particular the field Q(d) and the Northcott
property is proved for the compositum of all abelian extensions of Q of bounded
degree, while for Q(d) the question remains open. In this proof a crucial role is
played by the uniform boundedness of the local degrees of Q(d).
The considerations made in [2] motivated an investigation on the structure of
the field Q(d) and of fields with uniformly bounded local degrees. This led to the
question, not free of independent interest, of whether every algebraic extension
K of Q with uniformly bounded local degrees is contained in Q(d) for some
positive integer d. More generally, are there properties which are equivalent
to having uniformly bounded local degrees for an algebraic extension of the
rationals?
The study of the structure of Q(d) revealed some unexpected sides. These
arise when we consider a third property for an infinite algebraic extension K of
Q, that is whether every finite subextension ofK can be generated by elements of
degree bounded by a constant depending only on K. A field with this property
is certainly contained in Q(d) for some positive integer d and one could ask
whether this condition is equivalent to being a subfield of Q(d).
In this work we give a complete answer to all these questions proving the
following result.
Theorem 1. Let K/Q be an infinite Galois extension. Then the following
conditions are equivalent:
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4(1) K has uniformly bounded local degrees at every prime;
(2) K has uniformly bounded local degrees at almost every prime;
(3) Gal(K/Q) has finite exponent.
Moreover, if K/Q is abelian, then the three properties:
(a) K has uniformly bounded local degrees;
(b) K is contained in Q(d) for some positive integer d;
(c) every finite subextension of K can be generated by elements of bounded de-
gree;
are equivalent. However, in general, (c) implies (b) which implies (a) and none
of the inverse implications holds.
This work is structured in the following way.
In Chapter 1 we recall the basic concepts of the theory of p-adic fields. We
start with the definition of valuations and completions and we discuss the main
properties of p-adic fields, with special emphasis on the structure of their Galois
extensions. The chapter ends with a brief overview on some basic results from
local class field theory and a theorem of Shafarevich on the number of generators
of the Galois group of a p-extension of a p-adic field. This result turns out to
be very useful while looking for a bound on the local degrees of an algebraic
extension of Q.
Chapter 2 focuses on the study of the structure of infinite algebraic exten-
sions of the rationals with uniformly bounded local degrees. In particular we
concentrate on the field Q(d), which has uniformly bounded local degrees, as
is well known. This result belonged together with the motivations for the set
questions and we recall its proof in Section 2.1. In Section 2.2 we give the first
original result of this work: we investigate the structure of Galois extensions
with uniformly bounded local degrees and we prove that these are exactly those
whose Galois group has finite exponent. Moreover we prove that the existence of
a uniform bound for the local degrees at almost every prime implies the uniform
boundedness at every prime. The main ingredients of the proof are: an appli-
cation of Chebotarev’s density theorem; a result of Shafarevich on the number
of generators of the Galois group of a p-extension of p adic fields; Zelmanov’s
result on the Restricted Burnside Problem on the existence of a bound for the
order of a finite and periodic group in terms of the number of its generators and
of its exponent. In Section 2.3 we also provide a formula to compute an explicit
bound for the local degrees of an extension K of finite exponent in some special
cases.
Finally in Section 2.4 we discuss the case of abelian extensions, proving the
first part of Theorem 1.
In order to give a complete proof of Theorem 1, we need to introduce some
p-groups called extraspecial groups, namely finite p-groups in which the center
and the commutator subgroup have both order p. These groups in fact shall
5enable us to construct examples of fields entailing the validity of the statements
of Theorem 1. Extraspecial groups are classical objects in the theory of finite
groups and they have been largely studied. In Chapter 3 we recall and prove the
main properties of these groups and, in particular, we give a classification theo-
rem for them. This classification is made in several steps. We first describe, in
Section 3.1, the connection between symplectic spaces and extraspecial groups.
Secondly, in Section 3.2, we introduce the concept of central product with amal-
gamated center and we prove that every extraspecial p-group is a central product
with amalgamated centers of extraspecial groups of order p3. As a consequence,
we can prove the structure theorem for extraspecial groups. In particular we
shall see that, if p is an odd prime, every extraspecial p-group is uniquely de-
termined, up to isomorphisms, by its order and its exponent. The chapter ends
with the description of some irreducible modules of extraspecial groups and a
property, which shall be used in our constructions, on the intersection of sub-
groups of bounded index of an extraspecial group.
In Chapter 4 we state and prove the main theorem of this work. The proof
is divided into four parts: in the first part we give a condition for an infinite
Galois extension K of the rationals to be contained in Q(d) based on the exis-
tence of some minimal normal subgroups of the Galois groups of finite Galois
subextensions of K. In the remaining parts, we prove the non equivalence of
properties described in Theorem 1: the proof is based on some group-theoretical
constructions with extraspecial groups and their modules, followed by an ap-
plication of Shafarevich’s Theorem about the realization of solvable groups as
Galois groups. We also compute explicit bounds for the local degrees of certain
extensions, improving the bounds given by the formula of Section 2.3.
The use of Shafarevich’s Theorem can actually be avoided by an explicit
realization of the groups constructed in Chapter 4 and this will be done in
Chapter 5, where we concretely construct Galois extension with the sought for
Galois groups. We first describe how to realize extraspecial groups of order p3
and then, using the structure theorem for these groups, we give realizations of
extraspecial groups of any order. Finally we shall realize the semidirect product
of an extraspecial group by its group algebra over certain finite fields. These
constructions are based on some elementary methods in inverse Galois theory
and on a result by Serre.
Acknowledgments
Completing a thesis is a challenge, thanking all those who contributed to it
is an even greater one. Many people were involved in one or the other way in
it. I want to thank all of them, including those not mentioned here by name.
I would like to express my gratitude to my PhD supervisor, Prof. Umberto
Zannier, whose help and expertise added considerably to my graduate experi-
ence.
I am also grateful to many other people for useful mathematical discussions
during the course of this work; I wish to thank in particular Prof. Roberto
6Dvornicich and Maurizio Monge. A very special thank goes to Prof. Andrea
Lucchini for introducing me to the world of extraspecial groups and for his kind
help and support.
I want to thank the director of the PhD school Prof. Fabrizio Broglia, for
helping me a lot and for being a reference point throughout my PhD.
I would like to thank the many people who have taught me mathematics:
my undergraduate teachers at Bologna (especially Luca Migliorini and Angelo
Vistoli), and my graduate teachers (especially Alessandro Languasco, Marco
Garuti, Gilles Ze´mor and Adrian Iovita). For their kind assistance with writing
letters, giving wise advice, helping with various applications, and so on, I wish
to thank in addition Giovanni Alberti and, again, Andrea Lucchini.
I am indebted to many people at the Department of Mathematics in Pisa for
providing a stimulating and fun environment in which to learn and grow. I am
especially grateful to Giorgio, Enrico, Pietro, Bruno, Riccardo, Fulvio and my
officemates Isaia, Fionntann, John and Tiziano for their support, their kindness,
their help, all the time spent together and for making Pisa a beautiful place to
study.
I wish to thank all my friends from Bologna ( Giulia, Chiara, Rya, Dilli and
all the pinguine), from Padova (Alessandro, Marco, Vale), from Paris (Pietro,
Federica, Stefania and all 8 Rue d’Avron) for all the emotional support, enter-
tainment, and caring they provided.
I wish to thank Laura for making my last months in Pisa something which
I will miss a lot and I thank Luca for everything.
Lastly, and most importantly, I want to thank my extended family: Mari
and Fritz, my family in Pisa, for their support, help and for these three unique
years; Maurizio, Patrizia, Marta and Andrea for being always there and for their
uniformly unbounded love. This work would not have been possible without
them; to them I dedicate this thesis.
Contents
1 Preliminaries on p-adic fields 9
1.1 Absolute values and valuations . . . . . . . . . . . . . . . . . . . 9
1.2 Completions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3 p-adic fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.4 Extensions of p-adic fields . . . . . . . . . . . . . . . . . . . . . . 16
(1) Unramified extensions . . . . . . . . . . . . . . . . . . . . . . 16
(2) Totally ramified extensions . . . . . . . . . . . . . . . . . . . 17
1.5 The Galois group of a p-adic fields extension . . . . . . . . . . . . 19
1.6 Shafarevich’s theorem on p-extensions . . . . . . . . . . . . . . . 20
2 Galois extensions with finite exponent 23
2.1 Definitions and motivations . . . . . . . . . . . . . . . . . . . . . 24
2.2 Characterization of fields with bounded local degrees . . . . . . . 26
2.3 A formula for bounding the local degrees . . . . . . . . . . . . . . 28
2.4 The abelian case . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3 Extraspecial groups 33
3.1 Definitions and first properties . . . . . . . . . . . . . . . . . . . 34
3.1.1 Symplectic spaces and quadratic forms . . . . . . . . . . . 35
3.1.2 Connection between symplectic spaces and extraspecial
p-groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2 Classification of extraspecial p-groups . . . . . . . . . . . . . . . 39
3.2.1 Central products of groups amalgamated on the centers . 39
3.2.2 Extra-special p-groups of order p3 . . . . . . . . . . . . . 41
3.2.3 The structure theorem for extraspecial p-groups . . . . . 44
3.3 Some irreducible modules . . . . . . . . . . . . . . . . . . . . . . 46
3.4 A special property . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4 The main theorem 49
4.1 Statement of the theorem . . . . . . . . . . . . . . . . . . . . . . 49
4.2 Proof of (2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.3 Proof of (i) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.4 Proof of (ii) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.5 Proof of (iii) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
7
8 CONTENTS
4.5.1 Construction of the field K . . . . . . . . . . . . . . . . . 53
4.5.2 An explicit bound for the local degrees of K . . . . . . . . 54
5 Some explicit constructions 57
5.1 Realizing extraspecial groups . . . . . . . . . . . . . . . . . . . . 57
5.1.1 Extraspecial groups of order p3 . . . . . . . . . . . . . . . 58
5.1.2 Extraspecial groups of any order and exponent p . . . . . 62
5.2 Extension by the group algebra . . . . . . . . . . . . . . . . . . . 64
Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
Chapter 1
Preliminaries on p-adic
fields
This chapter provides some important tools from the theory of p-adic fields,
which are among the main objects of study of this work; we shall recall some
notions and properties concerning p-adic fields, developing the theory only to
such an extent as is indeed for the purposes of this work.
We will omit most of the proofs of the results stated, for which the interested
reader should see Narckiewicz’s book [9] or any other classical introductory book
on Algebraic Number Theory.
The chapter has the following structure: in Section 1.1 we recall the defini-
tions of absolute value and valuation and we describe in Section 1.2 the com-
pletion of a field with respect to a valuation. In Section 1.3 we focus on p-adic
fields, namely completions of number fields with respect to valuations above p
and we describe their structure. Section 1.4 is devoted to the study of exten-
sions of p-adic fields: we recall the main properties of unramified extensions
and totally ramified extensions. In Section 1.5 we concentrate on the structure
of the Galois group of a Galois extension of p-adic fields. Finally, in Section
1.6, we mention some basic results from local class field theory and we prove
a theorem of Shafarevich on the number of generators of the Galois group of a
p-extension of p-adic fields. This result will become central in the search for a
bound for the local degrees of an infinite algebraic extension of the rationals.
We assume the reader to be familiar with the theory of number fields, split-
ting of primes in extensions and basic Galois Theory for finite and infinite ex-
tensions of fields.
1.1 Absolute values and valuations
We start this section by listing the fundamental definitions and properties
which will be needed in this chapter.
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10 1. Preliminaries on p-adic fields
Definition 1.1. Let K be a field. We call an absolute value of K a function
| · | : K → R≥0 satisfying the following properties:
(i) |x| = 0⇔ x = 0;
(ii) |xy| = |x| · |y| for all x, y ∈ K;
(iii) |x+ y| ≤ |x|+ |y| for all x, y ∈ K.
An absolute value is called non-archimedean if it also satisfies the stronger
inequality |x + y| ≤ max{|x|, |y|} for all x, y ∈ K and it is called archimedean
otherwise.
Two absolute values | · |1 and | · |2 of K are said to be equivalent if there
exists a constant c ∈ R>0 such that |x|1 = |x|2c for all x ∈ K. An equivalence
class of absolute values of K is called a place of K.
Given an absolute value |·| on a field K, one can define a metric on K induced
by | · |, setting d(x, y) = |x − y| for all x, y ∈ K, which makes K a topological
field (that is, addition and multiplication in K are continuous functions under
the topology associated to the induced metric). It is easy to prove that two
absolute values of K are equivalent if and only if they induce the same topology
on K (see [9], Ch. 1, §3, Prop. 1.13). We now define a concept which is strictly
connected to that of absolute value.
Definition 1.2. Let K be a field. A (real) valuation of K is a homomorphism
v : K → R ∪ {∞} with the properties
(i) v(x) =∞⇔ x = 0;
(ii) v(xy) = v(x) + v(y);
(iii) v(x+ y) ≥ min{v(x), v(y)}.
A field K with a valuation v is called a valued field and is denoted by (K, v).
A valuation is said to be discrete if v(K∗) is a discrete subgroup of R. Two
valuations v1 and v2 of K are equivalent if there exists a positive real number r
such that v1(x) = rv2(x) for every x ∈ K.
Remark 1.1. There is a one-to-one correspondence between the set of equiv-
alence classes of valuations of a field K and the set of equivalence classes of
non-archimedean absolute values of K. This correspondence is given by the fol-
lowing associations. If v is a valuation and we fix a real number t with 0 < t < 1,
the map defined as |x|v := tv(x) if x 6= 0 and |0|v := 0 is a non-archimedean
absolute value on K. On the other hand, if | · | is a non-archimedean absolute
value on K and we fix b ∈ R>1, the map v, defined setting v(x) := − logb |x|
for x 6= 0 and v(0) := ∞, is a valuation on K. It is easy to check that these
associations induce the sought for correspondence between equivalence classes
of absolute values and valuations and that this does not depend on the choice
of the constants t and b.
1.2 Completions 11
We now make some classical examples that we shall largely discuss in the
sequel.
Example 1.1. Let K = Q and p be a prime number. Every x ∈ Q can be
written in a unique way as x = pr(m/n) where r, m and n are integers, p, m
and n are coprime and n is non negative.
We define a non-archimedean absolute value | · |p and a valuation vp on Q
setting |x|p := p−r and vp(x) := r. The maps | · |p and vp are called the p-adic
absolute value and the p-adic valuation respectively.
On Q we also have the usual archimedean absolute value | · |∞ defined as
|x|∞ := x if x ≥ 0 and |x|∞ := −x if x < 0.
An important theorem by Ostrowski states that, up to equivalences, these
are the only absolute values on Q (Ostrowski’s result is more general and it
classifies valuations over number fields, see Example 1.2 below).
Example 1.2. Let K be a number field and denote by OK its ring of integers.
Let ℘ ⊂ OK be a prime ideal of K. We define a valuation v℘ of K associated
to ℘ as it follows: if x ∈ K, we consider the ideal generated by x and we take
its prime factorization in OK , that is
(x) =
n∏
i=1
℘i
ai
where ai ∈ Z. Then we set v℘(x) := ai if ℘ = ℘i for some index i and v℘(x) := 0
otherwise.
Now the ideal ℘ lies above some prime p of Q (that is above the ideal
generated by p) and, up to multiplication by an integer, v℘|Q = vp; in this case
we say that the valuation v℘ extends the p-adic valuation to K or that v℘ is a
valutation above p.
By Ostrowski’s theorem (see [9], Ch. 3, §1, Thm. 3.2) these are the only
non-archimedean absolute values of K and different primes of OK define non
equivalent valuations. Moreover every archimedean absolute value of K comes
from an embedding of K into the complex field. If σ is such an embedding, the
valuation associated to it is defined as vσ(x) := |σ(x)| for all x ∈ K, where | · | is
the usual complex absolute value. Two archimedean absolute values defined by
different embeddings are equivalent if and only if those embeddings are complex
conjugated.
1.2 Completions
We start this section by recalling the definition of valuation ring.
Definition 1.3. Let K be a field. A valuation ring of K is a subring A of K
such that for every x ∈ K either x ∈ A or x−1 ∈ A.
It is easy to see that if A is a valuation ring of a field K, then K = Frac(A)
is the field of fractions of A and the ideal m := {x ∈ A|x−1 6∈ A} is the only
maximal ideal of A. We have the following proposition.
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Proposition 1.2.1. Let K be a field and v a valuation of K. Then
Rv := {x ∈ K∗|v(x) ≥ 0} ∪ {0}
is a valuation ring of Kwith maximal ideal
mv := {x ∈ K∗|v(x) > 0} ∪ {0}.
Moreover v is discrete if and only if mv is principal. In this case mv is generated
by an element of minimal positive valuation called uniformizer and Rv is a
principal ideal domain.
Proof. See [9], Ch. 1, §3, Thm. 1.13.
Definition 1.4. Rv is called the valuation ring of K with respect to v and
κv := Rv/mv is a field called the residue field of K at v.
Now, given a field together with an absolute value | · |, we want to define the
completion of this field with respect to the topology induced by | · |. We have
the following fundamental theorem.
Theorem 1.2.2. Let K be a field and | · | be an absolute value of K. Then
there exists a field K ′ and an absolute value || · || of K ′ such that:
(1) K ′ is complete for the topology induced by || · ||;
(2) K ⊆ K ′ and the restriction of || · || to K equals | · |;
(3) K is dense in K ′.
A field K ′ with these properties is unique up to (algebraic and topological) iso-
morphisms.
Proof. The result follows easily by viewing K ′ as the quotient of the ring of
Cauchy’s sequences of K with respect to | · | by its maximal ideal of all nullse-
quences with respect to | · |. One proves that this construction gives the sought
for object (see for instance [9], Ch. 3, §1, Thm. 3.1).
Definition 1.5. The field K ′ of Theorem 1.2.2 is called the completion of K
with respect to | · |.
If | · | is non-archimedean and corresponds to the valuation v, we call K ′ the
completion of K with respect to v and we denote it by Kv.
The following propositions relates the structure of the valuation ring of a
valued field with the valuation ring of its completion.
Proposition 1.2.3. Let (K, v) be a valued field with valuation ring Rv and
maximal ideal mv. Let K
′ be the completion of K with respect to v and R′ and
m′ be its ring of valuation and the maximal ideal. Then R′ is the closure of Rv
and m′ is the closure of mv. Moreover if v is discrete we have that:
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1. the residue fields of K and K ′ are isomorphic and if mv is principal, so
is m′;
2. if mv is generated by an element pi of minimal valuation, we have
R′ = {
∞∑
i=0
aipi
i|ai ∈ R represents an element of Rv/mv},
R′∗ = {
∞∑
i=0
aipi
i|a0 6= 0, ai as before},
m′ = {
∞∑
i=1
aipi
i|ai as before},
K ′ = {
∞∑
i=n
aipi
i|n ∈ Z, ai as before};
3. if |Rv/mv| is finite, then R′ = lim←−
n
Rv/mv
n (the inverse limit being taken
under the projection maps).
Proof. See [9], Ch. 3, §1, Corollaries 1, 2 and 3.
Example 1.3. LetK = Q. The completion ofQ with respect to the archimedean
absolute value is the field of real numbers R.
We now describe the completion with respect to a non-archimedean absolute
value, that is, from previous considerations, a p-adic valuation vp, where p is a
prime number. We have:
- Rvp = Z(p) = {ab ∈ Q|b 6∈ (p)} is the localization of Z at (p);
- mvp = pZ(p) is generated by the element pi = p of minimal valuation vp(p) = 1;
- κvp = Rvp/mvp = Z(p)/pZ(p) ' Z/pZ is a finite field.
The completion of Q with respect to the p-adic valuation is called the field of
p-adic numbers Qp and the closure of Z(p) in Qp is the ring of p-adic integers
denoted by Zp. The maximal ideal of Zp is pZp and, in view of Proposition
1.2.3, we have
Zp = {
∞∑
i=0
aip
i|ai ∈ {1, . . . , p}} ' lim←−
n
Z/pnZ.
We end this section by listing some important properties on the behaviour
of valuations in normal extensions. We have the following result.
Proposition 1.2.4. Let K be a field of characteristic zero which is complete
with respect to an absolute value | · | and has finite residue field. Let F/K be
a finite extension of degree n. Then | · | extends in a unique way to F by an
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absolute value || · || defined as ||x|| := |NF/K(x)|1/n for all x ∈ F , where NF/K is
the norm function of the extension F/K. Moreover F is complete with respect
to the absolute value || · ||.
Proof. See [9], Ch. 5, §1, Prop. 5.3.
As a corollary we have the following:
Corollary 1.2.5. Let K be a field complete with respect to an absolute value
| · | and denote by Kalg an algebraic closure of K. Then the absolute value | · |
extends in a unique way to an absolute value || · || of Kalg.
Proof. For every x ∈ Kalg we define ||x|| := |NK(x)/K(x)|.
1.3 p-adic fields
This section focuses on the structure and properties of finite algebraic ex-
tensions of Qp. We start with the following definition.
Definition 1.6. A p-adic field is the completion of a number field with respect
to a discrete valuation v extending the p-adic valuation of Q.
We will sometimes refer to these fields as to local fields (usually this termi-
nology denotes, more in general, the completion of a global field, that is either
a number field or a function field in one variable over a finite field, with respect
to some absolute value).
We want to study in detail the structure of p-adic fields. In order to do this
we fix some notation.
Let L be a number field of degree n over Q and denote by OL its ring of
integers. As explained in Example 1.2, every discrete valuation of L is induced
by a prime ideal ℘ of its ring of integers and we denote it by v℘. We denote by
L℘ the completion of L with respect to v℘ and by R℘ and m℘ the valuation ring
of L℘ and its maximal ideal respectively. We recall that, in view of Proposition
1.2.3, R℘ is the closure of OL in L℘ and the residue field κL = R℘/m℘ is
isomorphic to OL/℘.
The following theorem enables us to translate many problems concerning
finite extensions of algebraic number fields into the language of p-adic fields.
Theorem 1.3.1. Let L/K be an extension of number fields. Let ℘ ⊂ OK be a
prime of K such that ℘OL = βe11 . . . βerr where the βi’s are distinct primes of L
and ei = eL/K(βi) and fi = fL/K(βi) are the ramification index and the inertia
degree of βi in the extension L/K respectively. Then we have:
1. Lβi = K℘L is generated by L and K℘ (as subfields of Lβi);
2. [Lβi : K℘] = eifi;
3. Rβi is the integral closure of R℘ in Lβi ;
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4. mβi is the only prime ideal of Rβi lying above m℘ and the inertia degree
and ramification index of mβi in the extension Lβi/K℘ are equal to those
of βi in the extension L/K;
5. the residue field κβi = Rβi/mβi is a finite extension of the residue field
κ℘ = R℘/m℘ of degree fi.
Proof. See [9], Ch. 5, §1, Thm. 5.5.
Remark 1.2. From Theorem 1.3.1 with K = Q, we have that the completion
of a number field L with respect to a discrete valuation induced by some prime
ideal is always a finite extension of Qp for some prime number p, which motivates
the name p-adic for these fields. Moreover the residue field of L with respect to
this valuation is a finite field of characteristic p, that is a finite extension of the
finite field Fp.
The following definition will be very important in the ensuing chapters.
Definition 1.7. Let L be a number field and v a valuation of L extending the
p-adic one. We call the local degree of L at v the degree of the extension Lv/Qp.
Remark 1.3. It follows easily from the definition and Theorem 1.3.1 that for
a number field L the local degree at every valuation is bounded by [L : Q].
We end this section with two results which are very important in the theory
of p-adic fields. The first result is known as Krasner’s lemma.
Lemma 1.3.2 (Krasner’s lemma). Let K be a field which is complete with
respect to a non-archimedean absolute value | · |. Let α, β ∈ Kalg be two elements
in a fixed agebraic closure of K. Suppose moreover that α is separable over
K(β). If |α − β| < |σ(α) − α| for every embedding σ 6= 1 of K(α) into Kalg,
then K(α) ⊆ K(β).
Proof. One has to show that [K(α, β) : K(β)] = 1. Since by assumption α is
separable over K(β) this is equivalent to prove that if ρ : K(α, β) ↪→ Kalg is an
embedding which is the identity on K(β), then ρ(α) = α. Now
|ρ(α)− α| = |ρ(α)− ρ(β) + β − α| < |σ(α)− α|
and since this holds for every σ, we must have ρ(α) = α.
Using Krasner’s lemma it can be proved that two monic irreducible polyno-
mials of the same degree whose corresponding coefficients are sufficiently close
to each other define the same extension, as stated in the following corollary.
This result can be used to prove that a p-adic field has only a finite number of
extensions of a given degree, as we shall see in Section 2.1.
Corollary 1.3.3. Let K be complete with respect to a discrete valuation v, let
R be its valuation ring and m its maximal ideal. Assume moreover that the
residue field R/m is finite. Consider two monic polynomials in R[t]
F (t) = tn + an−1tn−1 + . . .+ a0
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and
G(t) = tn + bn−1tn−1 + . . .+ b0
with F (t) irreducible over K. Suppose that, for every i, ai and bi are sufficiently
closed. Then G(t) is also irreducible over K and for every root α ∈ Kalg of F (t),
there exists a root β ∈ Kalg of G(t) such that K(α) = K(β).
Proof. See [9], Ch. 5, §1, Prop. 5.5.
1.4 Extensions of p-adic fields
We now describe some properties of the structure of an extension of p-adic
fields. Before we state them, we recall the definition of compositum of fields.
This definition is very important in this work, since we shall mainly deal with
fields obtained as a compositum of other fields.
Definition 1.8. Let F be a family of fields and suppose that all elements of
F are contained in a bigger field F . The compositum of the family F is the
smallest subfield of F containing all the elements of the family.
We now let L/K be a finite extension of p-adic fields of degree n and we
denote by κL and by κK and by RL and RK the residue fields and rings of
integers of L and K respectively. Then κL and κK are finite fields of charac-
teristic p and, from Theorem 1.3.1, we know that n = eL/KfL/K where eL/K
is the ramification index of L/K and fL/K = [κL : κK ]. We have the following
definition.
Definition 1.9. An extension of p-adic fields L/K is said to be:
(1) unramified if eL/K = 1;
(2) totally ramified if fL/K = 1;
(3) tamely ramified if p does not divide eL/K ;
(4) wildly ramified if p divides eL/K .
We start with the description of unramified extensions; then we shall discuss
the totally ramified case.
(1) Unramified extensions
We now list some properties of unramified extensions which clarify how they
can be generated.
Proposition 1.4.1. For a finite extension of p-adic fields L/K the following
conditions are equivalent:
1. L/K is unramified;
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2. L = K(α) for some α ∈ RL such that the image of α in κL is a simple
root of a polynomial µ(t) ∈ κK [t], obtained by reducing modulo ℘ the
coefficient of some monic polynomial µ(t) ∈ RK [t] with µ(α) = 0, ℘ being
the maximal ideal of RK ;
3. L = K(ζm) where ζm is a primitive m-th root of unity with m not divisible
by p.
Proof. See [9], Ch. 5, §2, Lemma 5.4 and Thm. 5.9.
Remark 1.4. In view of the previous proposition and using the multiplicative
property of the ramification indexes, it is easy to prove that the compositum of
two unramified extensions of K is again an unramified extension of K.
Thus if L/K is a finite extension of p-adic fields and we denote by Kur the
compositum of all unramified extensions of K contained in L, we have that
Kur/K is unramified and L/Kur is totally ramified. These considerations lead
to the following result:
Corollary 1.4.2. Every finite extension of p-adic fields can be decomposed into
an unramified part and a totally ramified part.
The next result is about the structure of the Galois group of unramified
extensions.
Proposition 1.4.3. Let K be a p-adic field with residue field κK . Then for
every finite extension κ/κK there exists a unique unramified extension L/K
such that the residue field of L is isomorphic to κ. Moreover the extension L/K
is normal and its Galois group is isomorphic to the cyclic group Gal(κ/κK).
Proof. See [9], Ch. 5, §2, Thm. 5.8.
Since a finite field has a unique extension of a given degree, as a corollary
we have:
Corollary 1.4.4. For every p-adic field K and every positive integer n there
exists exactly one unnramified extension of K of degree n.
(2) Totally ramified extensions
We now focus on totally ramified extensions, i.e. extensions L/K such that
the fL/K = 1. We shall recall some results on the structure of these exten-
sions and in particular on the polynomials generating them. We start with the
following definition.
Definition 1.10. Let R be a Dedekind domain. An Eisenstein’s polynomial
over R is a polynomial
f(t) = ant
n + . . .+ a1t+ a0 ∈ R[t]
for which there exists a prime ℘ ⊂ R such that an 6∈ ℘, ai ∈ ℘ for i 6= n and
a0 ∈ ℘ \ ℘2.
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We now have the following result.
Proposition 1.4.5. If L/K is totally ramified, then there exists α ∈ RL such
that RL = RK [α] and the minimal polynomial of α over K is an Eisenstein’s
polynomial. Moreover if L is generated over K by a root of an Eisenstein’s
polynomial, then L/K is totally ramified.
Proof. See [9], Ch. 5, §2, Thm. 5.10.
We have the corollary:
Corollary 1.4.6. A p-adic field K has totally ramified extensions of any given
degree.
Proof. If pi generates the maximal ideal of RK , then the family {te − pi|e ∈ N}
is a family of Eisenstein’s polynomials in RK [t] and their roots generates totally
ramified extensions of every given degree.
We shall now discuss the case of tamely ramified extensions which is easier
to study than the wild case, thanks to the following proposition.
Proposition 1.4.7. Let L/K be a totally ramified and tame extension and let
pi be a generator for the maximal ideal ℘ of RK . Then there exists an element
piL, which generates the maximal ideal of RL, such that piL
eL/K = pi.
Moreover if a ∈ RK and e is a positive integer prime to p, then every root of
the polynomial te − a ∈ RK [t] generates a tame extension of K. This extension
is totally ramified if (e, v℘(a)) = 1 (where v℘ is the valuation of K associated to
the prime ℘).
Proof. See [9], Ch. 5, §2, Thm. 5.11 and Lemma 5.5.
As for unramified extensions, we have that the compositum of tamely rami-
fied extensions is again tamely ramified.
Proposition 1.4.8. Let L/K be a finite extension of p-adic fields and let Ktame
be the compositum of all tamely ramified extensions of K contained in L. Then
Ktame/K is tamely ramified and L/Ktame is a wildly and totally ramified ex-
tension whose degree is a power of p.
Proof. See [9], Ch. 5, §2.2, Corollary 3.
Now we can describe the general structure of an extension of p-adic fields as
it follows.
Proposition 1.4.9. Let L/K be a finite extension of p-adic fields of degree
n = eL/KfL/K and suppose that eL/K = e0p
s where (e0, p) = 1. Then there
exist extensions K ⊆ F ⊆ E ⊆ L such that:
- F/K is unramified and cyclic of degree fL/K ;
- E/F is totally ramified and tame of degree e0;
- L/E is totally ramified of degree ps.
Proof. We set F = Kur and E = F tame and we apply Remark 1.4 and Proposi-
tion 1.4.8.
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1.5 The Galois group of a p-adic fields extension
We shall now concentrate on the case of Galois extensions of p-adic fields.
In this section the following notation will be used: if L/K is a Galois extension,
we denote by Gal(L/K) its Galois group. Moreover if β is a prime of L lying
above a prime ℘ of K, we indicate with D(β|℘) the decomposition group of β,
namely the subgroup of Gal(L/K) defined as
D(β|℘) = {σ ∈ Gal(L/K) | σ(β) = β}.
Again, we denote by Lβ and K℘ the completions of L and K with respect to
the valuations vβ and v℘ associated to the prime ideals β and ℘.
The following result relates the Galois group of an extension of number fields
to the Galois group of the extension of their completions.
Proposition 1.5.1. In the previous hypothesis, the extension Lβ/K℘ is normal
and Gal(Lβ/K℘) is isomorphic to the decomposition group D(β|℘).
Proof. The result comes from the fact that the decomposition group D(β|℘)
consists precisely of those automorphisms which are continuous with respect to
the valuation vβ . See for instance Neukirch’s book [10], Ch. 2, §9, Proposition
9.6.
We now give the definition of ramification groups, which shall be used in the
study of the wild part of a Galois extension of p-adic fields.
Definition 1.11. Let L/K be a Galois extension of p-adic fields and let G =
Gal(L/K). We define for i ∈ N the i-th ramification group of L/K as
Gi := {σ ∈ G|vβ(σ(x)− x) ≥ i+ 1∀x ∈ RL}.
The group G0 is called the inertia group of L/K.
We now list some properties of these groups whose proof is an easy check.
Proposition 1.5.2. For the groups Gi’s the following properties hold:
1. Gi G;
2. Gi = 1 for some index i;
3. Gi/Gi+1 is a p-elementary abelian group for i ≥ 1.
We end this section with a theorem which gives a complete description of
the structure of the Galois group of an extension of p-adic fields.
Theorem 1.5.3. Let L/K be a Galois extension of p-adic fields with Galois
group G. Let Kur be the maximal unramified extension of K contained in L
and Ktame the maximal tame extension of K in L. Suppose moreover that
eL/K = e0p
s with p not diving e0. Then we have:
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1. Gal(Kur/K) = G/G0 is a cyclic group of order fL/K ;
2. Gal(Ktame/Kur) = G0/G1 and it is a cyclic group of order e0;
3. Gal(L/Ktame) = G1 and its order is p
s;
4. Gal(L/Kur) = G0, it has order eL/K and it is the semidirect product of a
cyclic group of order prime to p and a normal p-group.
Proof. See [9], Ch. 5, §2, Thm. 5.12.
The situation can be described using the following diagram:
L
ps G1
Ktame
e0 G0/G1
Kur
fLK G/G0
K
1.6 Shafarevich’s theorem on p-extensions
We end this chapter with an important result of Shafarevich (see [13]) on
p-extensions of p-adic fields, namely finite extensions whose degree is a power
of p.
Shafarevich’s theorem asserts that, although the Galois group of a p-extension
is in general quite mysterious, there is a bound on the number of its generators.
This result will become extremely useful in the ensuing chapters, when we will
look for explicit bounds for the local degrees of an algebraic extension of Q,
since it permits, in some special situations, to bound the wild part of a p-adic
extension.
Before we state Shafarevich’s theorem we recall some basic results from local
class field theory which shall be largely used in the proof of the theorem and
in the next chapters. For further details on local class field theory we refer to
Vostokov and Fesenko’s book [4], Ch. IV.
Local class field theory establishes a one-to-one correspondence between fi-
nite abelian extensions of a p-adic field K and open subgroups of finite index of
K∗. This correspondence is such that if L/K is a finite abelian extension then
it corresponds to the open subgroup NL/K(L
∗) of K∗, where NL/K is the norm
function of the extension L/K. In addition we have
Gal(L/K) ' K∗/NL/K(L∗).
We recall the following definitions of exponent of a group and exponent of a
Galois extension.
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Definition 1.12. A group G has exponent b if b is the smallest positive integer
such that gb = 1 for every g ∈ G and we denote it by exp(G).
We say that a Galois extension has L/K exponent b if exp(Gal(L/K)) = b.
We have the following proposition.
Proposition 1.6.1. Let K be a p-adic field and let L/K be the maximal abelian
extension of K of exponent b. Then
Gal(L/K) ' K∗/(K∗)b.
Proof. From local class field theory, the extension L corresponds to the smallest
open subgroup H of K∗ of finite index such that K∗/H has exponent b.
Now if H is a subgroup of K∗ and exp(K∗/H) = b, then (K∗)b ≤ H and
(K∗)b is the smallest open subgroup of K∗ with the required property.
We can now state and prove Shafarevich’s theorem.
Theorem 1.6.2 (Shafarevich). Let p be an odd prime, K a p-adic field of degree
n over Qp and L/K a Galois p-extension with Galois group H. Then H has at
most n+ 2 generators.
Proof. We notice that the number of generators of H equals the number of
generators of H/Φ(H), where Φ(H) is the Frattini subgroup of H, namely the
intersection of H and all proper maximal subgroups of H. Since H is a p-group,
it is well known that Φ(H) is the smallest normal subgroup of H such that the
quotient group H/Φ(H) is an elementary abelian group.
We have that the extension LΦ(H)/K has Galois group isomorphic toH/Φ(H),
therefore it is contained in the compositum, say F , of all p-elementary abelian
extensions of K. From local class field theory we know that there is a corre-
spondence between finite abelian extensions of K and subgroups of K∗ of finite
index. Now the group K∗ is isomorphic to
K∗ ' Z⊕ Z/(q − 1)Z⊕ Z/paZ⊕ Z[K:Qp]p
where q is the order of the residue field κK and a ≥ 0 is the maximal integer
with the property that K contains a primitive pa-th root of unity (see [9], Ch.
V, §1, Prop. 5.8 and Thm. 5.7). Then, in view of Proposition 1.6.1, we have
Gal(F/K) = (K∗)/(K∗)p ' (Z/pZ)[K:Qp]+(K)
where (K) = 1 ifK does not contain p-th roots of unity and (K) = 2 otherwise.
Therefore H/Φ(H) has at most n+ 2 generators, and this proves the result.
Remark 1.5. Actually, Shafarevich’s result is stronger and it asserts that a
p-group H can occur as the Galois group of an extension of a p-adic field K not
containing p-th roots of unity and such that [K : Qp] = n if and only if H has
at most n + 1 generators. We will omit the whole proof of this result since it
is quite long and we will only need the implication proved above. We refer the
interested reader to Shafarevich’s paper [13].
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Chapter 2
Galois extensions with
finite exponents and the
abelian case
In this work we shall mainly investigate the mutual relations of three prop-
erties of an infinite algebraic extension of Q: having uniformly bounded local
degrees; being contained in the compositum of a family of number fields of
bounded degree; being generated by elements of bounded degree. In particular
we could ask whether these three properties are equivalent.
This chapter has three purposes. The first is to study some properties of the
compositum of fields with bounded degrees, in order to give some motivations
to our questions, and this will be done in Section 2.1. The second is to give
a characterization of Galois extensions with uniformly bounded local degrees:
we shall prove in Section 2.2 that for an infinite Galois extension of Q having
uniformly bounded local degrees at almost every prime is equivalent to have
uniformly bounded local degrees at every prime and that extensions with these
properties are exactly those whose Galois group has finite exponent. The first
part of the proof is an easy application of Chebotarev’s density theorem; the
second part is based on a result of Shafarevich on p-extensions plus the work
of Zelmanov on the restricted Burnside problem. We also provide, in Section
2.3, explicit bounds for the local degrees of a Galois extension K of Q of finite
exponent b in the special case when there is a bound on the order of the wildly
ramified part of the Galois group of the completion of every finite Galois subex-
tension of K. The last goal is to give a positive answer to our initial question in
the case where K is an abelian extension of Q and we shall prove this in Section
2.4.
Throughout this work we denote by Qalg a fixed algebraic closure of Q.
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2.1 Definitions and motivations
We let d be a positive integer and F a number field. We denote by F (d)
the field obtained by taking the compositum of all algebraic extensions of F of
degree at most d (over F ). One of the questions posed in this work is whether
every algebraic extension of Q with uniformly bounded local degrees is contained
in Q(d) for some positive integer d. In order to understand this question, we
need to explain what does it mean for an infinite algebraic extension K of Q to
have uniformly bounded local degrees. We fix some notation. For every prime
number p we define a valuation vp of K which extends the p-adic valuation over
Q in the following way. We fix an embedding σ : K ↪→ Cp, where Cp is the
p-adic completion of Qalgp . By Corollary 1.2.5, there is a unique valuation wp of
Cp which extends the p-adic valuation of Q. Then we define the valuation vp of
K as vp(x) := wp(σ(x)) for every x ∈ K.
The completion of K with respect to vp is denoted by Kvp and it is an
algebraic extension of Qp. This extension in general is not finite, but sometimes
it is. We are interested in the case when this extension is finite and moreover
its degree is bounded, for every prime p and every valuation vp above p, by a
constant independent from p. We have the following definition.
Definition 2.1. Let K be an algebraic extension of Q. Then K has uniformly
bounded local degrees if there exists a positive integer B such that [Kvp : Qp] < B
for every prime number p and every valuation vp of K extending the p-adic
valuation of Q.
We say that K has uniformly bounded local degrees at almost every prime
if the set of primes for which the local degrees are not uniformly bounded has
finite cardinality.
Our initial question, roughly speaking, is whether the fields Q(d) are maximal
among those all with uniformly bounded local degrees. In order to give a moti-
vation to this we have to show that the fields Q(d) have uniformly bounded local
degrees. This result has been already proved in paper [2] and in Bombieri and
Gubler’s book [1], which largely study the field Q(d) in relation to the Northcott
property. We now want to recall the proof of this fact; in order to do this we
need the following lemma.
Lemma 2.1.1. Let L/Qp be a finite extension of degree n0 and fix a positive
integer n. Then the number of extensions of L of degree n is finite and bounded
by a constant which does not depend on p.
Proof. From Corollary 1.4.2, we know that every extension of L of degree n is
given by an unramified subextension of degree f and a totally ramified extension
of degree e = n/f , for every f dividing n. We notice that we have a finite
number, independent of p, of choices for f and e.
For every choice of f , we denote by Mf the unique unramified extension of
degree f of L and we set d := [Mf : Qp] = fn0. So we are left to prove that
any p-adic field has only a finite number, independent of p, of totally ramified
extensions of fixed degree e.
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We shall now use a formula obtained by Krasner in [6] which computes the
number Rp,e(d) of totally ramified extensions of degree e of a p-adic field of
degree d over Qp.
Setting N := ed and writing e = pmh, with (h, p) = 1, we have:
Rp,e(d) = e
m∑
s=0
ps
(
p(s)N − p(s−1)N
)
where
(s) :=
1
p
+
1
p2
+ . . .+
1
ps
for any integer s greater than 0, (0) := 0 and (−1) := −∞.
If we fix e and we let p varies, the number of p for which m is nonzero is finite
(if m = 0 we are considering totally ramified and tame extensions of degree e
of a p-adic field and this number is known to be e).
We define two numbersRe(d) := maxp|eRp,e(d) andBe(d) := max(e,Re(d)).
We have that, for every prime p, a p-adic field of degree d over Qp has at most
Be(d) totally ramified extensions of degree e and this bound does not depend
on p. Then B := maxe|nBe((n/e)n0) is a bound on the number of extensions of
degree n of a p-adic field of degree n0 over Qp and it is independent from p.
Remark 2.1. Finiteness for the number of extensions of Qp can be proved just
using some compactness arguments and Krasner’s lemma (Lemma 1.3.2). In
fact, from Proposition 1.4.5, every totally ramified extension of degree e of a
p-adic field K is generated by the roots of an Eisenstein’s polynomial of degree
e. The space of Eisenstein’s polynomials is isomorphic to the space
℘× ℘× . . .× ℘× (℘2 − ℘)︸ ︷︷ ︸
e times
which is the space of coefficients of such polynomials, where ℘ is the maximal
ideal of the valuation ring R of K.
We notice that this space is compact, being a product of compact spaces (℘
is a closed subset of R which is compact, see [9], Ch. 5, §1, Thm. 5.2). So every
covering of this space admits a finite subcovering.
In view of Corollary 1.3.3, if two polynomials of the same degrees have their
coefficients close enough, then their roots will generate the same extension of
p-adic fields. Hence the number of extensions generated by the roots of all
Eisenstein’s polynomials of degree e is finite and so is the number of totally
ramified extensions of degree e of a p-adic field.
Now we are able to prove the following proposition.
Proposition 2.1.2. Let F be a number field of degree n over Q and let v be any
place of F . Let w be an extension of v to F (d) and denote by F
(d)
w its completion.
Then the local degree [F
(d)
w : Fv] is bounded solely in terms of n and d.
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Proof. Denoting by {Fi}i the family of all extensions of Fi/F such that [Fi :
F ] ≤ d, we have that the field F (d) can be obtained as the compositum of this
family.
Since Fv is a p-adic field, for some prime p, by Lemma 2.1.1, it has only a
finite number, say r, of extensions of degree at most d and this number depends
only on d and [Fv : Qp] ≤ n. Let us denote by S = {Fv,1, . . . , Fv,r} the set
of these extensions and by F
′
v their compositum. We notice that the degree
[F
′
v : Fv] is bounded solely in terms of d and n.
Denote by Fi,w the completion of Fi at the valuation induced by the restric-
tion of w to Fi. Then Fi,w is an extension of Fv of degree at most d and thus it
belongs to S for every i. Therefore F (d)w ⊆ F ′v and this concludes the proof.
2.2 Characterization of fields with uniformly
bounded local degrees
In this section we give a characterization of Galois extensions with uniformly
bounded local degrees at almost every prime only in terms of the exponent of
their Galois groups. In particular we want to prove that an infinite Galois
extension K of Q has uniformly bounded local degrees if and only if the group
Gal(K/Q) has finite exponent.
Remark 2.2. It can be easily checked that, if F is a number field, then F (d)/F
is a Galois extension with Galois group of finite exponent.
In fact, for every extension L/F of degree at most d with L = F (α), the
conjugates of α in F alg also generate extensions of degree at most d. Therefore
the Galois closure of L is a subfield of F (d) which is a Galois extension, being
the compositum of a family of Galois extensions.
Now for every extension L/F with [L : F ] ≤ d, we denote by L′ the normal
closure of L in the algebraic closure of F . We have that [L′ : F ] ≤ d! and there-
fore exp(Gal(L′/F )) divides d!. Clearly the compositum of all the extensions
L′’s has also Galois group of exponent dividing d! and contains F (d).
Although we assume the reader to be familiar with finite and infinite Galois
theory, we summarize some facts which will be used. We recall that if K/Q
is an infinite algebraic Galois extension then its Galois group Gal(K/Q) has a
structure of profinite group: this is obtained constructing it as the inverse limit
of the projective system of groups {Gal(E/Q)}E , where E varies among all the
finite Galois extensions of Q contained in K, the inverse limit being taken under
the partial order given by the inclusion relation.
We also recall, for finite Galois extensions, the Chebotarev’s Density Theo-
rem.
Theorem 2.2.1 (Chebotarev’s Density Theorem). Let L/K be a Galois exten-
sion of number fields of degree n and let A be an arbitrary class of conjugate
elements in the Galois group Gal(L/K). For every prime ℘ of K unramified
in L/K denote by FL/K(℘) the conjugacy class in Gal(L/K) of the Frobenius
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automorphism (generating the decomposition group) associated with any prime
lying above ℘. Then the set
PA := {℘|FL/K(℘) = A}
is infinite and has Dirichlet density |A|/n.
Proof. See [9], Ch.7, §3, Thm. 7.10.
We now want to prove the following theorem.
Theorem 2.2.2. Let L be a number field and K/L an infinite algebraic Galois
extension of L. Then the following conditions are equivalent:
(1) K has uniformly bounded local degrees at every prime of L;
(2) K has uniformly bounded local degrees at almost every prime of L;
(3) Gal(K/L) has finite exponent.
Proof. It is trivial to show that (1) implies (2). Now we suppose that (2) holds,
that is K has local degrees uniformly bounded by a constant B at every prime
except some primes belonging to a finite set S. We fix a finite Galois extension
E of L contained in K and we take σ ∈ Gal(E/L). By Chebotarev’s Density
Theorem there exist a prime ℘ of L with ℘ 6∈ S, a prime β of E unramified
above ℘ and a conjugate τ of σ that generates the decomposition group D(β|℘)
which is cyclic and isomorphic to Gal(Eβ/L℘), where Eβ and L℘ denote the
completions of E and L with respect to β and ℘ respectively. By assumption,
|Gal(Eβ/L℘)| ≤ B, thus σB! = τB! = id and exp(Gal(E/L)) ≤ B!. Since
Gal(K/L) is the inverse limit of the family {Gal(E/L)}E , where E varies among
the finite Galois extension of L contained in K, we have exp(G) ≤ B! and (3)
holds.
Now we suppose that (3) holds for K and we set exp(Gal(K/L)) = b. We
want to prove that the local degrees of K are uniformly bounded at every primes.
We fix a prime number p and we consider a valuation w of K above p. We
write K as a compositum of a family of number fields {Km}m, where Km/L
is any finite Galois extension of L contained in K with Galois group Gm =
Gal(Km/L).
We notice that v = w|Km is a valuation of Km above p and we denote by
Km,v and Lv the completions of Km and L with respect to v and v|L. We recall
that, by Proposition 1.5.1, Gal(Km,v/Lv) is isomorphic to a subgroup of Gm
and therefore it has exponent at most b. We have three cases for the extension
Km,v/Lv:
(i) if it is unramified, then it is cyclic of order bounded by b;
(ii) if it is tamely ramified, then it is a metacyclic extension, thus its order is
bounded by b2;
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(iii) if it is wildly ramified, then the tamely ramified part has always degree
at most b2. We know that the first ramification group of Km,v/Lv is a
p-group of exponent at most b and Theorem 1.6.2 tells us that it has at
most nb2 + 2 generators, where n = [L : Qp] and nb2 is a bound for the
degree over Qp of the tamely ramified part of the extension.
So the problem reduces to the following: is it true that, for every positive
integers b and n, if a finite group H has n generators and exponent b, then
the order of H is bounded by a constant which depends only on n and b?
This question is known as the Restricted Burnside’s Problem and was
positively answered in 1989 by Efim Zelmanov; Zelmanov’s proof is very
difficult and it is definitely beyond the intent of this work; for a de-
tailed description of Zelmanov’s proof the interested reader should refer to
Vaughan-Lee’s book [15].
In view of Zelmanov’s positive answer to the Restricted Burnside’s Prob-
lem, the wildly ramified part of the extension has a degree which is bounded
by a constant depending only on n and b.
We can now conclude our proof. Summing up all the previous results, we get that
for every m, the local degree [Km,v : Qp] is bounded by a constant depending
only on b and n = [L : Q], which are fixed. Thus, by Lemma 2.1.1, the number of
all possible completions of the Km’s at primes above p is finite and independent
from p. Moreover the compositum of this finite number of fields has degree
over Qp which is bounded by a constant independent of p and it contains the
completion of K with respect to every valuation extending the p-adic one.
2.3 A formula for bounding the local degrees
The proof of the previous result does not provide an explicit bound for the
local degrees of an extension K/Q of finite exponent. In order to compute
effectively such a bound, we need additional informations on the order of the
wild part of the completion of every finite Galois subextension of K. We have
the following result.
Theorem 2.3.1. Let K/Q be an infinite Galois extension of exponent b and let
{Km}m be the family of all finite Galois subextensions of K. Suppose that for
every m, every prime number p dividing b and every valuation v of Km above p
we have vp(|Gal(Km,v/Qp)|) ≤ n, where vp denotes the usual p-adic valuation
of Q.
Then K has local degrees bounded by
n∏
i=1
A(i)
where A(1) = b3 and
A(i+ 1) = b(
∏i
j=1 A(j))+2.
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Proof. We fix a prime number p and we consider a valuation w of K extending
the p-adic valuation of Q. The field K equals the compositum of all its finite
Galois subextensions {Km}m and, for every m, v = w|Km is a valuation of Km
above p. We denote by Kw and by Km,v the completions of K and Km with
respect to w and v, respectively.
We fix m and we set G = Gal(Km,v/Qp). We consider the filtration of G
via its ramification subgroups
GG0 G1 G2  . . .Gr = 1 (2.1)
where:
• G/G0 is cyclic being the Galois group of the unramified part of the exten-
sion Km,v/Qp;
• G0/G1 is the Galois group of the tame and totally ramified part of the
extension and it is also cyclic;
• Gi/Gi+1 is p-elementary abelian for every i ≥ 1.
If p does not divide the exponent b, then the local extension can only be tamely
ramified. In this case the unramified part of the extension KG0m,v/Qp is contained
in the compositum Lur,b of all unramified extensions of Qp of degree dividing b,
which has degree [Lur,b : Qp] = b, since we have only one unramified extension
of Qp of every fixed degree. Therefore the maximal unramified subextension
Kurw of Kw is also contained in L
ur,b.
The tame and totally ramified part of the extension KG1m,v/K
G0
m,v is contained
in the maximal abelian extension Ltame,b of Lur,b of exponent dividing b and
prime to p. From Proposition 1.6.1 we have
Gal(Ltame,b/Lur,b) ' Lur,b∗/(Lur,b∗)a
for some integer a prime to p and smaller than b. Therefore
|Gal(Ltame,b/Lur,b)| ≤ |(Z/aZ)|2 ≤ b2.
Since this holds for every m, the maximal tame subextension Ktamew of Kw is a
subfield of Ltame,b.
If p divides the exponent b, then one can have wild ramification. However,
using the previous arguments, the degree over Qp of the maximal tame subex-
tension Ktamew of Kw is bounded by b
3.
As for the wildly ramified part of the extension, since by hypothesis vp(|G|) ≤
n, the group G1 has order at most p
n and the filtration
G1 G2  . . .Gr = 1
has at most n jumps; this means that Gi 6= Gi+1 for at most n indexes i.
Therefore we have the following tower of fields
Qp = KGm,v ⊆ KG0m,v ⊆ KG1m,v ⊆ . . . ⊆ KGrm,v = Km,v
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in which the extensionK
Gi+1
m,v /KGim,v is elementary p-abelian for at most n indexes
i ≥ 1 and trivial otherwise.
We set L1 = L
tame,b and we denote by Li+1 the compositum of all p-
elementary abelian extensions of Li. We notice that K
Gj
m,v is contained in some
Ln for every index j. Again from Proposition 1.6.1, we have that
Gal(Li+1/Li) = (Li
∗)/(Li∗)p ' (Z/pZ)[Li:Qp]+(Li) (2.2)
where (Li) = 1 if Li does not contain p-th roots of unity and (Li) = 2
otherwise. Since p < b and [L1 : Qp] ≤ b3 = A(1), we have [L2 : L1] ≤ bb3+2 =
A(2) and, using formula 2.2, it is easy to see that [Li : Li−1] ≤ A(i). Since Kw
is contained in Ln, the result follows.
2.4 The abelian case
We consider an infinite abelian extensionK ofQ, namely an infinite algebraic
normal extension K of Q with abelian profinite Galois group. The aim of this
section is to prove the following theorem.
Theorem 2.4.1. For an infinite abelian extension K of Q the following condi-
tions are equivalent:
(a) K has uniformly bounded local degrees;
(b) there exists a positive integer d such that K is contained in Q(d);
(c) every finite abelian subextension of K can be generated by elements of bounded
degree.
Proof. It is trivial to prove that (c) implies (b). The fact that (b) implies (a)
follows from Proposition 2.1.2.
We now assume that K satisfies condition (a). We set G = Gal(K/Q); then,
by Theorem 2.2.2, exp(G) ≤ b for some positive integer b and
G = lim←−
m
Gm
where Gm = Gal(Km/Q) and Km is any finite abelian extensions of Q contained
in K. Since Gm is a finite abelian group, we can write it as a product of finite
cyclic groups
Gm =
n∏
i=1
Ui.
We let Hi be the subgroup of Gm defined as
Hi :=
∏
j 6=i
Uj .
We have (Gm : Hi) = |Ui| = exp(Ui) ≤ b for all i’s and ∩ni=1Hi = 1.
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Therefore Km is the compositum of its subextensions {KHim }i and these
extensions satisfy the inequality [KHim : Q] = (Gm : Hi) ≤ b. Thus Km is
generated by elements of bounded degree and K satisfies condition (c), which
completes the proof.
Remark 2.3. We notice that, from local class field theory, an abelian extension
of exponent b has local degrees bounded by b3.
In fact if K/Q is an abelian extension of exponent b, the completion of K
with respect to a prime p is contained in the maximal abelian extension M of
Qp of exponent b; in view of Theorem 1.6.1 we have that
|Gal(M/Qp)| = |Qp∗/(Qp∗)b| ≤ b3.
Actually, we have proved a slightly more general result, which follows as an
easy corollary.
Corollary 2.4.2. Let K/Q be a field extension with uniformly bounded local
degrees and suppose that the extension K/L is abelian for some number field
L ⊂ K. Then there exists a positive integer d such that K ⊂ Q(d).
Proof. We notice that K/L has also uniformly bounded local degrees. Propo-
sition 2.4 shows that K is contained in L(d
′) for some integer d′. If n = [L : Q]
and we set d = d′n, then K is also contained in Q(d).
Remark 2.4. It is immediate to see that Corollary 2.4.2 does not provide a
characterization of all extensions of Q contained in some Q(d). This would be
the same as saying that, for every fixed d and for every subfield K of Q(d), there
exists a number field L with Q ⊆ L ⊂ K such that K/L is a Galois and abelian
extension.
This is true for d = 2, since in this case Q(2)/Q is abelian, but it is easily
seen to be false in general. In fact if we consider an infinite family {Ki}i of
linearly disjoint Galois extensions of Q with Gal(Ki/Q) = S3 for every i (the
existence of such a family is provided, for instance, in [12], §3.3, Example 1
and §4.1, Example 2). Then the field K obtained by taking the compositum of
the family is contained in Q(6) and it has Galois group Gal(K/Q) =
∏∞
i=1Gi
with Gi ' S3 for all i’s. However, there is no number field L ⊂ K such that
Gal(K/L) is abelian, otherwise G would have abelian subgroups of finite index,
which is not possible.
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Chapter 3
Extraspecial groups
This chapter introduces definitions and properties of extraspecial groups,
namely p-groups in which the center and the commutator subgroup are both
cyclic of order p.
The fundamental relevance of these groups in this work will become evident
in the following chapters, when we will prove the existence both of fields with
uniformly bounded local degrees not contained in Q(d) for any positive integer d
and of subfields of Q(d) which cannot be generated by elements of bounded de-
gree. In order to do this we need to prove the following properties of extraspecial
groups:
(i) for every odd prime p and every positive integer m there exists an extraspe-
cial group Gm of order p
2m+1 and exponent p and it can be obtained as
a quotient of the direct product E1 × . . . × Em, where E1, . . . , Em are
extraspecial groups of order p3 and exponent p;
(ii) every group Gm has an irreducible module over some finite field of dimen-
sion pm;
(iii) every subgroup of Gm of index at most p
m contains the center of Gm.
Property (i) is proved in Sections 3.1 and 3.2. In Section 3.1 we give some
definitions and we discuss the basic properties of extraspecial groups. In Section
3.2 we will introduce a special central product of groups called amalgamated
central product and we will show that an extraspecial group of order p2m+1 and
exponent p can be obtained as an amalgamated central product ofm extraspecial
groups of order p3 and exponent p and that this product satisfies property
(i). We will also give, for completeness, the structure theorem for extraspecial
groups. This theorem asserts that every extraspecial group of order p2m+1 and
exponent p can be obtained as in (i) and that, moreover, if p is odd, such a
group is unique up to isomorphisms.
Property (ii) is proved in Section 3.3, where an explicit construction of an
irreducible module over certain finite fields is made. This will be used to con-
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struct a field with uniformly bounded local degrees not contained in Q(d) for
any positive integer d.
Finally in Section 3.4 we prove property (iii), which will be used in the proof
of the main theorem, in Chapter 4, to provide an example of subfields of Q(p3)
which cannot be generated by elements of bounded degree.
A detailed discussion on extraspecial groups and related topics can be found
in Doerk and Hawkes’ book [3].
3.1 Definitions and first properties
The purpose of this section is to define extraspecial groups and to describe
their basic structure. This can be easily done viewing these groups as symplectic
vector spaces over finite fields.
Definition 3.1. Let p be a prime. A p-group E is said to be extraspecial if the
center Z(E) and the commutator subgroup E′ have order p.
An extraspecial group has different important properties. Before we state
them, we recall a lemma which shall be used in the sequel.
Lemma 3.1.1. Let G be a finite group. If x, y ∈ G are such that [x, y] ∈ Z(G),
then [xm, y] = [x, y]m for every m ≥ 1.
Proof. The formula trivially holds for m = 1. Now we suppose it is true for
l < m. Then
[xm, y] = xmyx−my−1 = xm−1[x, y](yxx−my−1) = [x, y][xm−1, y]
and we conclude.
We are now able to prove the following proposition.
Proposition 3.1.2. For an extraspecial p-group E the following properties hold:
1. Z(E) = E′ = Φ(E), where Φ(E) is the Frattini subgroup of E;
2. the quotient E/Z(E) is elementary abelian;
3. if p 6= 2, for every x, y ∈ E we have (xy)i = xiyi[y, x] i(i−1)2 and (xy)p =
xpyp.
Proof. 1. Since E is a p-group and E′ is a normal subgroup of E, the in-
tersection E′ ∩ Z(E) is nontrivial, hence Z(E) = E′ since they are both
cyclic of prime order. Now, by the Burnside basis theorem (see [3], Ch.
A, §9, Thm. 9.6), we have that Φ(E) = EpE′ = EpZ(E). If g ∈ E, then,
using Lemma 3.1.1, we get [gp, h] = [g, h]p = 1, hence Ep ⊆ Z(E) and
Φ(E) = Z(E) = E′.
3.1 Definitions and first properties 35
2. This follows immediately from the equality Z(E) = Φ(E) since Φ(E)
is the smallest normal subgroup of P such that the quotient E/Φ(E) is
elementary abelian.
3. The formula is true for i = 1 and we suppose it to be true for l ≤ i. Then,
using Lemma 3.1.1, we get
(xy)i+1 = (xy)i(xy) = xiyi[y, x]
i(i−1)
2 xy = (xi(yix)y)[y, x]
i(i−1)
2 .
and since yix = [y, x]ixyi = xyi[y, x]i we have
(xy)i+1 = xi+1yi+1[y, x]
(i+1)i
2 .
In particular, since [y, x]p = 1, for i = p we have that (xy)p = xpyp.
3.1.1 Symplectic spaces and quadratic forms
We want to recall some basic facts about symplectic spaces and hyperbolic
planes.
Definition 3.2. Let V be a finite dimensional vector space over a field K. Then
V is a symplectic space if V is endowed with a bilinear form f : V × V → K
such that f(v, v) = 0 for every v ∈ V . Such an f is called a symplectic form on
V .
If U is a subspace of a symplectic space V we define the orthogonal subspace
of U as
U⊥ = {w ∈ V |f(u,w) = 0 ∀u ∈ U}.
If W ≤ U⊥ we write U⊥W . V is said to be non-degenerate if V ⊥ = 0.
We want to define isometries of symplectic spaces.
Definition 3.3. If V1 and V2 are symplectic spaces with respect to forms f1
and f2 respectively, then a linear map α : V1 → V1 is called an isometry if it is
non-singular and satisfies f1(u, v) = f2(α(u), α(v)).
We shall show that a non degenerate symplectic space V over K is uniquely
determined up to isometries by dimK(V ). In order to do this we need the
following definition.
Definition 3.4. Let V be a symplectic space over K with respect to the form
f . An hyperbolic plane of V is a 2-dimensional subspace H =< v1, v2 > such
that f(v1, v2) = 1.
We can now prove the following.
Proposition 3.1.3. Let V be a non-degenerate symplectic space over K of
dimension n with respect to the form f . Then V is unique up to isometries.
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Proof. If V is non-degenerate, then V contains an hyperbolic plane. In fact,
for every w 6= 0 of V , there exists an element v ∈ V such that f(w, u) 6= 0. In
particular, choosing w1 ∈ V \ {0}, there exists v1 ∈ V such that f(w1, v1) = 1
and H1 :=< w1, v1 > is an hyperbolic plane.
Now we consider the space V ′ := H⊥1 . We want to prove that V
′ is a non-
degenerate symplectic space with respect to the form f ′ = f |V ′ . We have that
V ′ is symplectic, being a subspace of the symplectic space V . Moreover it is
easy to see that
V ′⊥ = {w ∈ V ′|f ′(w, u) = 0 ∀u ∈ V ′}
is contained in V ⊥ = 0. Therefore V ′ contains an hyperbolic plane H2. Proceed-
ing in this way, we get that V can be written as a direct sum of its hyperbolic
planes H1, . . . Ht with Hi⊥Hj for 1 ≤ i 6= j ≤ t. Thus V has even dimension
2t.
Since an isometry between symplectic spaces brings hyperbolic planes into
hyperbolic planes, from the decomposition
V = H1 ⊕H2 ⊕ . . .⊕Ht
it follows that V is determined up to isometries by its dimension n over K.
The next definition will be useful to study extraspecial groups of even order.
Definition 3.5. Let K be a field of characteristic 2, V a finite dimensional
vector space over K and f : V × V → K a bilinear form on V . A quadratic
form on V (associated to f) is a map q : V → K which satisfies
q(au+ bv) = a2q(u) + b2q(v) + abf(u, v) (3.1)
for all a, b ∈ K and u, v ∈ V .
Remark 3.1. Let V be a finite dimensional vector space over K with char(K) =
2 with a bilinear form f and a quadratic form q associated to f . Then V is a
symplectic space with respect to f .
Proof. We have to show that f(v, v) = 0 for every v ∈ V . We consider equation
3.1 with a = b = 1 and u = v. Then f(v, v) = q(2v) − 2q(v) = 0 for all v ∈ V
since char(K) = 2.
Definition 3.6. A quadratic form q on V is called non degenerate if V is a non
degenerate symplectic space.
3.1.2 Connection between symplectic spaces and extraspe-
cial p-groups
We shall now describe the relation between vector spaces endowed with forms
and extraspecial p-groups through the following lemma.
Lemma 3.1.4. Let E be an extraspecial p-group, with Z(E) =< z >, and
consider V := E/Z(E) as a vector space over Fp.
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(1) Define a map f : V × V → Fp such that f(x¯, y¯) = a if [x, y] = za, where
x and y are representatives in E of x¯ and y¯ respectively. Then f is a well-
defined bilinear form with respect to which V is a non-degenerate symplectic
space.
(2) If p = 2 the map q : V → F2 given by q(x¯) = b if x¯ = xZ(E) and x2 = zb
is a non-degenerate quadratic form on V associated with f .
Proof. (1) We first notice that f is well defined since the commutator [x, y]
depends only on the cosets and not on the coset representatives. Moreover
f is bilinear. In fact, since E′ = Z(E), given x,w, y ∈ E we have that
[xw, y] = xwyw−1y−1x−1[x, y] = x[w, y]x−1[x, y] = [x, y][w, y]
and similarly [x,wy] = [x,w][x, y].
Now we want to prove that V is symplectic and non-degenerate. We have
that f(x¯, x¯) = 0 for all x¯ ∈ V since [x, x] = 1 = z0 for all x ∈ E; moreover
if x¯ ∈ V ⊥, with x¯ = xZ(E), then [x, y] = 1 for all y ∈ E, hence x ∈ Z(E)
and V ⊥ = {0}.
(2) Let p = 2. We notice that the definition of the map q makes sense since, if
x, y ∈ E, then [x, y] ∈ Z(E) and [x, y]2 = 1 and we have
x2y = x(xy) = x[x, y]yx = [x, y](xy)x = [x, y]2(yx)x = yx2,
hence x2 ∈ Z(E) for all x ∈ E.
The map q is well defined, since q(x¯) depends only on x¯. Moreover q is a
non-degenerate quadratic form associated with f . In fact given a, c ∈ F2
and x¯, y¯ ∈ E/Z(E). Then q(ax¯ + cy¯) = b if and only if zb = (xayc)2 and,
since (xa)2 and (yc)2 are central elements, we have
zb = (xayc)2 = xayc(xa)2x−a(yc)2y−c = (xa)2(yc)2[xa, yc].
Now [xa, yc] = [x, y]ac and a2 = a and c2 = c for every a, c ∈ F2, thus we
can write
zb = (x2)a(y2)c[x, y]ac = za
2q(x¯)+c2q(y¯)+acf(x¯,y¯)
getting q(ax¯+ cy¯) = a2q(x¯) + c2q(y¯) + acf(x¯, y¯).
We end this section with a result which is a small step towards the proof of
property (i) and the classification of extraspecial groups. In order to state it,
we recall the definition of central product of groups.
Definition 3.7. A group G is said to be a central product of its subgroups
U1, . . . , Un if G = U1 . . . Un as a set and [Ui, Uj ] = 1 for i 6= j.
We have the following result.
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Proposition 3.1.5. Let E be an extraspecial p-group. Then E has order p2m+1
for some positive integer m and E is a central product of m extraspecial groups
of order p3.
Proof. In view of Lemma 3.1.4, E/Z(E) is a non-degenerate symplectic space
endowed with a form f and from Proposition 3.1.3 it can be written as a direct
sum of hyperbolic planes
E/Z(E) = H1 ⊕H2 ⊕ . . .⊕Hm
and Hi⊥Hj for 1 ≤ i 6= j ≤ t. We denote by Ei the inverse image of Hi under
the projection map pi : E → E/Z(E). Then Ei is generated by two elements
x, y ∈ E such that Hi =< pi(x), pi(y) > and, since Hi is an hyperbolic plane,
we have that f(pi(x), pi(y)) = 1. Thus the commutator [x, y] = z generates the
center Z(E).
We want to prove that Ei is an extraspecial p-group. We notice that Ei has
order p3 since |Ei| = |Hi||Z(E)| = p3 and it is non abelian since it has non
trivial commutator subgroup. Moreover 1 6= E′i ≤ E′ = Z(E), thus E′i = Z(E)
has order p. Now if Z(Ei) had order p
2, then the group Ei/Z(Ei) would be
cyclic and thus Ei would be abelian, which is a contradiction. Then Ei/Z(Ei)
is elementary abelian, having order p2, which implies that Φ(Ei) = E
′
i = Z(Ei)
are groups of order p and Ei is extraspecial.
Since Hi⊥Hj for i 6= j, in terms of the Ei’s we have [Ei, Ej ] = 1 for i 6= j.
Hence we have proved that E is a central product of its subgroups E1, . . . , Em
which are extraspecial p-groups of order p3.
Remark 3.2. It is not true in general that a central product of extraspecial
groups is extraspecial. We take, as an example, the direct product of m ex-
traspecial groups. It is a central product of them, but the center is the direct
product of the centers and it has order pm.
However, we have the following condition.
Proposition 3.1.6. Let G be a central product of extraspecial p-groups E1, . . . , Em.
Then G is extraspecial if and only if Z(G) =
⋂m
i=1 Z(Ei).
Proof. Suppose that G is extraspecial. Since [Ei, Ej ] = 1 for all i 6= j, we have
that Z(Ei) = Z(Ej) for every i, j and moreover Z(Ei) = Z(G) since they have
the same order.
Conversely suppose that Z(G) =
⋂m
i=1 Z(Ei). Then Z(Ei) ⊆ Z(G) =⋂m
j=1 Z(Ej) ⊆ Z(Ei) and thus Z(G) = Z(Ei) for all i’s and it is cyclic of
order p. Now if g ∈ G′, then g = [v1 · . . . · vm, w1 · . . . · wm] with vi, wi ∈ Ei for
every i ∈ {1, . . . ,m}, and since [Ei, Ej ] = 1 for i 6= j we have
g = [v1, w1] · . . . · [vm, wm].
Then G′ is a central product of the groups E′i’s and since E
′
i = Z(Ei) we get
G′ = Z(G) and they have both order p.
We shall see that, in this case, the central product is said to be amalgamated
on the centers and we largely discuss it in section 3.2.1.
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3.2 Classification of extraspecial p-groups
This section is devoted to study the structure of extraspecial groups in re-
lation to their orders and exponents. We shall see how these groups can be
explicitly constructed starting from extraspecial groups of order p3. In order to
do this we have to define a special central product amalgamated on the centers.
3.2.1 Central products of groups amalgamated on the cen-
ters
We have seen in Proposition 3.1.5 that every extraspecial group is a central
product of groups of order p3 and in Proposition 3.1.6 a condition for a central
product of extraspecial groups to be extraspecial was given. However these
results are not effective, in the sense that given a family of groups of order p3
it is not clear which extraspecial group could be built up from it.
Now, we want to make a construction which is, in some sense, the dual of
Definition 3.7, that is, given a finite number of extraspecial groups, we want to
explicitly construct a central product of them in such a way that this product
is also an extraspecial group.
We suppose to have n groups G1, . . . , Gn such that Z(Gi) ' Z(Gj) for all
i, j; we suppose moreover to fix, for every i, an isomorphism µi : A → Z(Gi)
where A is an abelian group. We set D := G1 × . . .×Gn and let
G¯i = {(1, . . . , 1, gi, 1, . . . , 1)|vi ∈ Gi} ' Gi
denote the i-th coordinate subgroup of D.
We consider the subgroup N of D defined as
N :=
{
(µ1(a1), . . . , µn(an)) |ai ∈ A,
n∏
i=1
ai = 1
}
.
We have the following proposition.
Proposition 3.2.1. The group N is normal in D and G¯i ∩N = 1.
Proof. We have that N ⊆ Z(D) thus it is normal. Moreover
G¯i ∩N = {(1, . . . , 1, gi, 1, . . . , 1)|vi = µi(ai), ai = 1} = 1.
Now we want to prove that the quotient D/N is isomorphic to a central
product of the Gi’s.
Proposition 3.2.2. Let G := D/N and Ui := G¯iN/N ≤ G. Then G is a
central product of the groups Ui’s and Ui ' Gi for all i’s.
Moreover, setting Ai := {(1, . . . , µi(a), . . . , 1)|a ∈ A} ≤ G¯i, we have
Ui ∩ Uj =
n⋂
k=1
Uk = AiN/N ' A
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for every 1 ≤ i 6= j ≤ n.
Proof. First of all we have to prove that G = U1 . . . Un and [Ui, Uj ] = 1 if i 6= j.
Since N < Z(D) and G¯i and G¯j commutes, then [Ui, Uj ] = 1. Now we notice
that every element g = [(g1, . . . , gn)]N ∈ G with gi ∈ Gi can be written as a
product of elements of the Ui’s, that is g = u1 . . . un where
ui := [(1, . . . , gi, . . . , 1)]N = [(µ1(1), . . . , giµi(1), . . . , µn(1))]N ∈ Ui.
It is easy to see that the map φi : Ui → Gi defined as
φi[(µ1(a1), . . . , viµi(ai), . . . , µn(an))]N = vi
is an isomorphism; so we are left to prove the condition on the intersection of
the Ui’s. Let u ∈ Ui ∩ Uj , i 6= j. Then
u = [((µ1(a1), . . . , viµi(ai), . . . , µn(an)))]N
with
∏
i ai = 1 and vi ∈ Z(Gi), that is vi = µi(a) for some a ∈ A. We notice
that we can write u as
u = [(1, . . . , µk(a), . . . , 1)(µ1(a1), . . . , µi(aai), . . . , µk(a
−1ak), . . . , µn(an))]N ∈ Uk
thus u ∈ ⋂k Uk = Ui ∩ Uj . Moreover Ui ∩ Uj ⊆ AiN/N ≤ G¯i and it easy to see
that the inverse inclusion holds. Finally the map ϕi : AiN/N → A defined by
ϕi[(µ1(a1), . . . , µi(a)µi(ai), . . . , µn(an))]N = a
is clearly an isomorphism.
We can now give the following definition.
Definition 3.8. The constructed group G = D/N is said to be a central prod-
uct of G1, . . . , Gn amalgamated on the centers, or simply amalgamated central
product, and we denote it by G = G1 g . . .gGn.
Remark 3.3. We notice that the isomorphism type of G is not uniquely deter-
mined since it depends on the choice of the µi’s. Thus the notation G1g. . .gGn
stands for any one class of such central products.
The next remark clarifies when a central product of groups with isomorphic
centers is amalgamated on the centers.
Proposition 3.2.3. Let G be a central product of G1, . . . , Gn and suppose that
Z(Gi) ' Z(Gj) for all i ≤ j. Then G is isomorphic to an amalgamated central
product if and only if Z(G) =
⋂n
i=1 Z(Gi).
Proof. Suppose that G is isomorphic to an amalgamated central product of the
G′is, say ' G1 g . . .gGn, via the isomorphism
µ : H = G1 g . . .gGn → G = G1 . . . Gn.
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By construction H is a central product of U1, . . . , Un with Ui = G¯iN/N ' Gi
and µ(Ui) = Gi. Now Z(Ui) = Z(G¯i)N/N . In fact ui ∈ Z(Ui) if and only if
ui = [(µ1(a1), . . . , viµi(ai), . . . , µn(an))]N
with
∏n
i=1 ai = 1 and vi ∈ Z(Gi).
Since H is a central product of the Ui’s, we have that Z(Ui) ⊆ Z(H). Now,
if g ∈ Z(H), then g = u1 . . . un with ui ∈ Z(Ui), hence
g = [(z1µ1(a1), . . . , ziµi(ai), . . . , znµn(an))]N
with
∏n
i=1 ai = 1 and zi ∈ Z(Gi). Thus there exist elements bi ∈ A such that
zi = µi(bi) for every i and, setting c = (b1 . . . bi−1bi+1 . . . bn)−1, we get
g = [(1, . . . , ziµi(c), . . . , 1)(µ1(b1a1), . . . , µi(c
−1ai), . . . , µn(bnan))]N .
Therefore g ∈ Z(Ui) and Z(H) =
⋂n
i=1 Z(Ui). Finally we get that Z(G) =
µ(Z(H)) =
⋂n
i=1 Z(Gi).
Conversely, suppose that G is a central product of G1, . . . , Gn, with Z(Gi) '
Z(Gj) and Z(G) =
⋂n
i=1 Z(Gi). Then Z(G) ' Z(Gi) for every i, since Z(Gi) ⊆
Z(G) ⊆ Z(Gi).
We fix isomorphisms µi : A = Z(G) → Z(Gi) and we consider the amalga-
mated product H = G1 g . . .gGn constructed with this choice of the µi’s.
Now the map µ : G→ H defined by
µ(v1 . . . vn) = [(v1, . . . , vn)]N
is clearly a well defined and surjective homomorphism, with kernel
Kerµ = {(v1 . . . vn)|vi = µi(ai),
∏
i
ai = 1} ∈ Z(G) =
n⋂
i=1
Z(Gi).
Hence, if v ∈ Kerµ, then v ∈ Z(Gi) for every i, thus v = µi(ai) with ai = 1 and
v = 1. Therefore µ in also injective and it is an isomorphism.
Proposition 3.2.3 together with Proposition 3.1.6 give us the following corol-
lary.
Corollary 3.2.4. Let G be a central product of extraspecial p-groups. Then G
is extraspecial if and only if G is isomorphic to a central product of those groups
amalgamated on the centers.
3.2.2 Extra-special p-groups of order p3
We have seen that every extraspecial p-group can be constructed as an amal-
gamated central product of a finite number of extraspecial groups of order p3
and conversely every amalgamated central product of extraspecial groups of
order p3 is extraspecial. We are now concerned with the description and the
classification of extraspecial p-groups of order p3. We start with the following
easy remark.
42 3. Extraspecial groups
Remark 3.4. Every non-abelian group of order p3 is extraspecial.
Proof. Let G be a non-abelian group with |G| = p3. Then |Z(G)| = p. In fact
|Z(G)| 6∈ {1, p3} since the center of a p-group is nontrivial and G is not abelian.
If we suppose |Z(G)| = p2, we get that |G/Z(G)| = p, G/Z(G) is cyclic and
therefore G would be abelian, which is a contradiction.
Now G/Z(G) is abelian, since it has order p2 (every group of order p2 is
abelian). Hence we have |G′| = p since G′ is the smallest normal subgroup of G
such that G/G′ is abelian.
The following theorem states that, for every prime p, there are only two
types of extraspecial groups of order p3, up to isomorphisms.
Theorem 3.2.5. Let E be an extraspecial p-group of order p3.
If p = 2 then E is isomorphic to either the dihedral group D or the quaternion
group Q, where D and Q have the following presentation
D =< a, b|a2 = b2 = (ab)4 = 1 >,
Q =< a, b|a2 = b2, b−1ab = a−1, a4 = 1 > .
If p is odd, then E is isomorphic to either the group H or the group F where
H and F are the groups with the following presentation
H =< x, y|xp = yp = 1, [x, y] ∈ Z(H) >,
F =< x, y|xp2 = yp = 1, [x, y] = xp > .
Proof. Let p = 2. In this case we know that Z(E) =< z > with z2 = 1, E
is generated by two elements a and b with [a, b] = z and, from Lemma 3.1.1,
x2 ∈ Z(E) = {1, z} for every x ∈ E . Moreover we notice that E =< a, b >=<
a, ab >. We now distinguish three cases:
1. if a2 = b2 = 1, then (ab)4 = (abab)(abab) = z2 = 1 and E ' D;
2. if a2 = z and b2 = 1, then, since a2 = [a, b], we have (ab)2 = a2b2a2b =
z2 = 1 and again we get E =< ab, b >' D;
3. if a2 = b2 = z, we have a−1 = b−1ab and a4 = 1, thus E ' Q.
Let p be an odd prime. In this case Z(E) =< z > with zp = 1 and E =< x, y >
with [x, y] = z. Moreover, again from Lemma 3.1.1, we have that xp, yp ∈ Z(E)
since [xp, y] = [x, y]p = [x, yp] = 1. Here different cases occur:
1. if xp = yp = 1 then, since by hypothesis [x, y] generates Z(E), we have
E ' H;
2. if xp 6= 1, then xp is a generator for Z(E) and xp = [x, y]a = [x, ya]
for some 1 ≤ a < p. Now, since (a, p) = 1, there exist r, s ∈ Z such
that ra + sp = 1 and yp = (xp)m for some integer m. So y = yra+ps =
(ya)r(xp)ms ∈< x, ya > thus E =< x, ya >. Hence we can choose the
generators x and y of E in such a way that xp = [x, y]. We now have two
cases:
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(a) if yp = 1, then E ' F ;
(b) if yp 6= 1, then yp also generates Z(E) and there exists n ∈ Z such
that yp = (xp)n. If we set w = (yx−n), then wp = 1. In fact,
using Proposition 3.1.2, we get wp = (yx−n)p = ypx−np = 1. Then
E =< x,w > and, as before, there exists 1 ≤ l < p such that
E =< x,wl > and xp = [x,wl] with (wl)p = 1. Thus we get E ' F .
We end this subsection with another description of extraspecial groups of
order p3, which shall be useful to understand how to realize them as Galois
groups of some extension of number fields. We recall the following definition:
Definition 3.9. Given two groups G and H and a group morphism ϕ : H →
Aut(G), the semidirect product of G and H via ϕ is a group X, denoted by
Goϕ H, such that:
(i) X = G×H as a set;
(ii) the group law is given by (g, h) ◦X (g′, h′) := (g ◦G ϕ(h−1)(g′), h ◦H h′),
where ◦G and ◦H are the group operations in G and H, respectively.
Remark 3.5. It is easy to show that X = GoϕH is a group, with identity 1X =
(1G, 1H) and the inverse of the element (g, h) is (ϕ(h
−1)(g−1), h−1). Obviously
the subgroup Go {1H} ' G is normal in X.
We now want to prove that the groups H and F of Theorem 3.2.5 can be
viewed as semidirect products of two abelian groups, as the following proposition
states.
Proposition 3.2.6. Let p be an odd prime number and let H and F denote the
two non abelian groups of order p3. Consider the groups
A := (Z/pZ)2 oϕ Z/pZ
and
B :=
(
Z/p2Z
)
oϑ Z/pZ
where
ϕ : Z/pZ→ Aut((Z/pZ)2) = GL(2, p)
ϕ([c]p) =
(
1 0
c 1
)
and
ϑ : Z/pZ→ Aut(Z/p2Z)
ϑ([c]p)(([a]p2) = ([(pc+ 1)a]p2).
Then A ' H and B ' F .
Moreover, if p = 2 and D is the dihedral group of order 8, then A ' B ' D.
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Proof. It is easy to check that ϕ is a well-defined group morphism. Now we
consider two elements of A, α = ((1, 0), 0) and β = ((0, 0), 1). We notice that
αm = ((m, 0), 0) and βm = ((0, 0),m) for every m ∈ {1, . . . , p}. Hence α
and β have order p and αβ = ((1, 0), 1) 6= ((1,−1), 1) = βα. Thus A is a
non-abelian group of order p3. Moreover we have that if ((a, b), c) ∈ A, then
((a, b), c)m = ((ma,mb−m(m−1)ac/2),mc) hence exp(A) = p. From Theorem
3.2.5 we have that A ' H. We notice that Z(A) =< z > where z = ((0, 1), 0)
and it has order p. Moreover [α, β] = ((0, 1), 0). So an explicit isomorphism is
given by φ : H → A with φ(x) = α and φ(y) = β.
As before, we observe that ϑ is a well-defined action of Z/pZ on Z/p2Z.
Now let γ = (1, 0), δ = (0, 1) ∈ B. We have that γδ = (1, 1) 6= δγ = (1 − p, 1).
Hence B is non-abelian and |B| = p3. Moreover we have that (a, b)m = (a(2m−
m(m − 1)pb)/2,mb) for every (a, b) ∈ B and m ∈ Z. Thus exp(B) = p2, since
δp = (0, 0), but γp = (p, 0) 6= (0, 0), and, by Theorem 3.2.5, we have that
B ' F . An explicit isomorphism is φ : F → B with φ(x) = γ, φ(y) = δ (we
also notice that γp = [γ, δ]).
If p = 2, then the map
λ : (Z/2Z)2 o Z/2Z→ (Z/4Z)o Z/2Z
with λ(([a]2, [b]2), [c]2) = ([a + 2b]4, [c]2) is an isomorphism between A and B.
These groups are non abelian groups of order 8 and they cannot be isomorphic
to the quaternion group Q, since Q cannot be written as a semidirect product
of two groups. In fact every proper subgroup of Q is normal and abelian (it has
order 2 or 4) and if Q was a semidirect product of its normal subgroups, then it
would be a direct product of them and so Q would be abelian. Then they are
both isomorphic to the dihedral group D of order 8.
3.2.3 The structure theorem for extraspecial p-groups
In order to prove the structure theorem for extraspecial p-groups, we need
the following lemma which describes when two different amalgamated central
products of extraspecial groups of order p3 are isomorphic.
Lemma 3.2.7. Let p be an odd prime and let H and F be the extraspecial
groups of order p3 defined in Theorem 3.2.5. Then F g F ' H g F . Moreover,
if p = 2 and D and Q are as in Theorem 3.2.5, then D gD ' QgQ.
Proof. Let G ' F g F . From Proposition 3.2.2, we can write G = F1F2 with
[F1, F2] = 1 and Fi =< xi, yi > with xi, yi satisfying the relations for the
generators of F given in Theorem 3.2.5, ∀i ∈ {1, 2}.
Since Z(Fi) =< [xi, yi] >=< x
p
i >, replacing x2 by some suitable power, we
can suppose that (x1x2)
p = 1. In fact, from Corollary 3.2.4, G is extraspecial
and Z(G) is cyclic of order p. Since xp2, x
p
1 ∈ Z(G), we have that they both
generate Z(G), hence there exists m ∈ Z such that xpm2 = xp1 with 0 < m < p
and (x1, x
−m
2 )
p = 1. Now we consider the group U =< x1x2, y1 > and we claim
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that U is a subgroup of G isomorphic to H. In fact U is generated by two
elements of order p and, since [F1, F2] = 1, we have that their commutator
u = [x1x2, y1] = x1x2y1x
−1
2 x
−1
1 y
−1
1 = [x1, y1]
generates the center Z(F1), therefore uy1 = y1u and, since [F1, F2] = 1, ux1x2 =
x1ux2 = x1x2u. So u ∈ Z(U) and U ' H.
Now we consider the quotient V = G/Z(G). Since Z(G) = Z(F1) ∩ Z(F2),
then Z(G) ⊆ Z(U). The subspace U/Z(G) is an hyperbolic plane of V : in fact
U is generated by two elements whose commutator generates Z(U) and U/Z(G)
is generated by their images in the quotient. Hence there exists a subgroup L of
G such that V = (U/Z(G)) ⊥ (L/Z(G)), where L/Z(G) is the hyperbolic plane
orthogonal to U/Z(G).
We claim that L is an extraspecial group of order p3 isomorphic to F . In
fact exp(L) = p2, otherwise we would have exp(G) = p, which is a contradiction
since G contains elements of order p2 (e.g. x1). Thus L ' F and G is isomorphic
to a central product of H and F . From Corollary 3.2.4, since G is extraspecial,
we have G ' H g F .
In a similar way it can be proved that QgQ ' D gD.
We can now state the structure theorem for extraspecial p-groups.
Theorem 3.2.8. Let p be a prime number and let H, F , D and Q be the groups
defined in Theorem 3.2.5. Let E be an extraspecial p-group of order p2m+1 for
some positive integer m. Then E has the following structure:
1. if p 6= 2 and exp(E) = p, E is a central product of m copies of H;
2. if p 6= 2 and exp(E) = p2, E is a central product of m−1 copies of H and
one copy of F ;
3. if p = 2 then:
(a) either E is a central product of m copies of D;
(b) either E is a central product of m − 1 copies of D and one copy of
Q.
Proof. We already proved that in any case E = E1 . . . Em is a central product
of m extraspecial subgroups Ei of order p
3 and so, by Proposition 3.2.4, E '
E1 g . . .g Em.
1. If p is odd and exp(E) = p, then Ei ' H for all i.
2. If p is odd and exp(E) = p2, then we have Ei ' F for at least one index i.
We can suppose that E is a central product of t copies of F and m−t copies
of H, with m ≥ 1. Then, by Lemma 3.2.7, we can prove, by induction on
t, that a central product of t copies of F is isomorphic to a central product
of t− 1 copies of H and one copy of F and we obtain the thesis.
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3. The results follows from the previous considerations and the last part of
Lemma 3.2.7.
Remark 3.6. Hence we have proved not only that a p-group E is extraspecial
if and only if it is a central product of extraspecial p-groups of order p3 with
amalgamated centers, but also that, if p is odd, the structure of E is uniquely
determined by the order of E and exp(E).
Moreover, in view of Corollary 3.2.4, we notice that, if p is an odd prime
and {Gm}m is the family of extraspecial groups of order p2m+1 and exponent
p, then Gm+1 ' Gm gH.
3.3 Some irreducible modules of an extraspecial
group
In this section we describe certain irreducible modules of an extraspecial
p-group over a finite field.
Irreducible modules of extraspecial groups play an important role in the
theory of representation of soluble groups. However we do not want to make
the whole theory for these modules, but only to construct some of them in a
special case in order to provide the basis for the examples in the next chapter.
For a complete overview on this topic we refer to [3], Ch. B, §9.
If p is an odd prime and K is any field, then Thm. 9.16 of Ch. B, §9 of
[3] provides a classification of all simple modules of an extraspecial p-group E
over a field K. This classification depends only on the order of E and on the
degree of the minimal extension of K containing a primitive p-th root of unity.
In particular this result provides the existence of p − 1 absolutely irreducible
and faithful modules when K contains a primitive p-th root of unity.
We shall now give an explicit construction of one of these modules. We fix
two odd primes p and q, with p dividing q− 1, such that the finite field K = Fq
contains a primitive p-th root of unity ζ.
We denote by E the extraspecial group of order p3, exponent p and genera-
tors x and y and we set W = (Fq)p.
ThenW has the structure of E-module via the following action: if {e1, . . . , ep}
is a basis for W , then x permutes the ei’s as a cycle of length p and y ·ei = ζiei.
Now for every positive integer m we denote by Em the extraspecial group
of order p2m+1 and exponent p and by Wm the tensor product of m copies of
W . By Theorem 3.2.8, Em is isomorphic to a quotient of the direct product of
m copies of E, thus it acts on Wm, which can be regarded as an Em-module of
dimension pm over Fq.
We have the following proposition.
Proposition 3.3.1. Wm is a faithful and absolutely irreducible Em-module.
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Proof. It is easy to see that the module Wm is faithful for Em.
Now, since the tensor product of absolutely irreducible modules is absolutely
irreducible, we need to prove that W is an absolutely irreducible E-module.
This is equivalent to show that EndE(W ) ' Fq. Now a matrix C belongs to
EndE(W ) if and only if C commutes with the generators of E. As before, we
have that E is generated by two elements x and y and the matrices associated
to these generators are the p× p matrices X and Y , where:
1. X represents the cyclic permutation (1, . . . , p);
2. Y is a diagonal matrix whose entries are the p distinct p-th roots of unity.
We notice that C · Y = Y · C if and only if C is a diagonal matrix, but since
we must have C · X = X · C then C must be a scalar matrix. Therefore
EndE(W ) ' Fq.
3.4 A special property of extraspecial groups
We end this chapter with some properties of an extraspecial group. These
results seem to be ad hoc as they will be used only at the end of the next chapter,
when their importance shall become evident.
The first result is about the cardinality of subgroups of extraspecial groups
with a bounded number of generators. This will be used to provide an ex-
plicit bound for the local degrees of a certain infinite algebraic extension of the
rationals which we shall construct in the next chapter.
Proposition 3.4.1. Let G be an extraspecial group of order p2m+1 and let H
be a subgroup of G with at most n generators. Then |H| ≤ pn+1.
Proof. We suppose first that H contains the center Z(G). Then we have
H/Z(G) ≤ G/Z(G) ' (Z/pZ)2m
andH/Z(G) has at most n generators as a subspace ofG/Z(G). Hence |H/Z(G)| ≤
pn, since it is elementary abelian as a group, and |H| ≤ pn+1.
Now we suppose that Z(G) 6⊆ H and we consider K = HZ(G) which is a
subgroup of G (since Z(G) is normal in G) that contains the center and has
at most n + 1 generators (n generators from H and one generator from the
center which is cyclic by hypothesis). With the previous argument we obtain
that |K/Z(G)| ≤ pn+1 and |K| ≤ pn+2. Finally we get |H| ≤ pn+1.
The second property is about the intersection of all subgroups of an ex-
traspecial group of bounded index. It will be used to provide subfields of Q(p3)
which cannot be generated by elements of bounded degree. Before we state this
result we need the following lemma, which is about maximal abelian subgroups
of an extraspecial p-group.
Lemma 3.4.2. We let p be an odd prime and P be an extraspecial p-group of
order p2m+1. Then an abelian subgroup of P has order at most pm+1.
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Proof. Let M be an abelian subgroup of P . We can suppose M to be maximal.
Then Z(P ) ⊆M , otherwise M ′ = MZ(P ) would be abelian and containing M .
We consider W = M/Z(P ): it is a subspace of V = P/Z(P ), which is a
symplectic space endowed with the form defined in Lemma 3.1.4 and, since M
is abelian, we have that W ⊆W⊥. Hence
2 dim(W ) ≤ dim(W ) + dim(W⊥) = dim(V ) = 2m,
thus |M | = pdim(W )+1 ≤ pm+1.
We can now state our result.
Proposition 3.4.3. Let p be an odd prime and G be an extraspecial p-group of
order p2m+1. Then the intersection of all subgroups of G of index at most pm
is nontrivial.
Proof. Let H be a subgroup of G such that [G : H] ≤ pm, we have that |H| ≥
pm+1. Either H contains the center Z(G) or |HZ(G)| > pm+1 and from Lemma
3.4.2 HZ(G) is not abelian; therefore H is also not abelian and it contains two
elements which do not commute. This implies that G′ = Z(G) ⊆ H, since G′ is
cyclic of order p.
Chapter 4
The main theorem
In Chapter 2 we saw that a for an infinite abelian extension of Q there is
a list of properties which are equivalent to the property of having uniformly
bounded local degrees.
The purpose of this chapter is to prove that this is not true in general. The
non equivalence is entailed by the existence of fields with special properties
constructed using extraspecial groups and their modules.
4.1 Statement of the theorem
We now state the main result which will be proved throughout this chapter.
Theorem 2. Let K be an infinite algebraic Galois extension of Q. Consider
the following properties for K:
(a) K has uniformly bounded local degrees;
(b) K is contained in Q(d) for any positive integer d;
(c) every finite subextension of K can be generated by elements of bounded de-
gree over Q;
(d) there exists a positive integer b such that, whenever K can be written as a
compositum of a family {Km}m of finite Galois extensions, then for every
m the Galois group of Km has only minimal normal subgroups of order at
most b.
Then:
(1) (c)⇒ (b)⇒ (a);
(2) (b)⇒ (d);
and no other implication holds, that is:
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(i) (d) 6⇒ (b);
(ii) (b) 6⇒ (c);
(iii) (a) 6⇒ (b).
Remark 4.1. It is immediate to see that if K satisfies (c) then it also satisfies
(b) and, from Theorem 2.1.2, it follows easily that (c)⇒ (b)⇒ (a).
In order to prove that (b) implies property (d), and that all the converse
arrows are not true we need preliminary considerations. As the proof of these
results is quite long, we divide it into four different parts.
4.2 Proof of (2)
We consider an infinite algebraic Galois extension K of Q for which property
(b) holds, that is K is contained in Q(d) for some positive integer d.
We can write K as the compositum of all its finite Galois subextensions
{Km}m and we denote by Gm = Gal(Km/Q) its Galois group.
We want to prove that for the field K property (d) holds, that is there exists
a positive integer b such that, for every m, every minimal normal subgroup of
Gm has order at most b. In order to do this we need the following general
lemma.
Lemma 4.2.1. Let G be a finite group with a minimal normal subgroup W such
that |W | = m. Suppose that G is a quotient of a group H where H is a subgroup
of a direct product H1 × . . .×Hs. Then |Hi| ≥ m for some index i ∈ {1, . . . , s}
Proof. We suppose that G = H/N with H ≤ H1 × . . .×Hs and that |Hi| < m
for every i. Let us denote by pi : H → H/N the projection map. We set
Hi := H ∩ 1× . . .× 1×Hi × . . .×Hr and we denote by Gi = pi(Hi) the image
of Hi in G. We notice that the Gi’s are all normal subgroups of G.
We want to show by induction that W ⊆ Gi for every i.
For i = 1 this holds by assumption, since G1 = G.
Suppose it is true for Gi−1. Now W ⊆ Gi−1 and (Gi−1 : Gi) < m, thus
U := Gi∩W is normal and non trivial and so it contains W . Therefore W ⊆ Gi.
In particular W ⊆ Gs, which is a contradiction, since |Gs| ≤ |Hs| < m.
Now we are able to prove our result. In fact, suppose that K ⊆ Q(d) for
some integer d and it does not satisfy property (d).
This means that there exists an increasing sequence of positive integer {cm}m
such that Gm has a minimal normal subgroup of order cm.
Thus, in view of Lemma 4.2.1, whenever Gm is isomorphic to a quotient
H/N and H is a subgroup of a direct product H1 × . . . ×Hs, then |Hi| ≥ cm
for at least one index i.
We fix m such that d! < cm. We notice that, since K is contained in Q(d),
so is Km, then there exist number fields L1, . . . , Ls such that Km ⊆ L1 . . . Ls
and [Li : Q] ≤ d.
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We denote by LGali the Galois closure of Li in Qalg and by Hi = Gal(LGali /Q)
its Galois group. We notice that |Hi| ≤ d! < cm by hypothesis.
We have Km ⊆ LGal1 . . . LGals and Gal(LGal1 . . . LGals ) is isomorphic to a sub-
group of H1 × . . .×Hs via the restriction map.
Since Km is a Galois extension, then
Gm = Gal(Km/Q) ' Gal(LGal1 . . . LGals )/N
for some normal subgroup N of Gal(LGal1 . . . L
Gal
s ).
Now Gal(LGal1 . . . L
Gal
s ) is a subgroup of H1 × . . . × Hs with |Hi| < cm for
every i, which is a contradiction. Therefore K satisfies (d).
4.3 Proof of (i)
We now want to prove that condition (d) does not imply condition (b).
In order to do this we fix a prime number p and we consider the family of
finite groups {Gm}m where Gm = Z/pmZ is the cyclic group of order pm. We
choose a Galois extension Km of Q with Galois group Gm and we denote by K
the compositum of all the Km’s.
We notice that exp(Gal(K/Q)) is not finite, since the group Gal(K/Q) con-
tains elements of order pm for every m. In view of Theorem 2.2.2, K cannot
have uniformly bounded local degrees and thus it is not contained in Q(d).
However, for every m, every minimal normal subgroup of Gm has order p.
In fact suppose that Gm has a minimal normal subgroup H of order at least p
2.
Then H contains a subgroup of order p, which is normal in Gm; this contradicts
the assumption on the minimality of H. Therefore K satisfies property (d).
4.4 Proof of (ii)
We want to show that condition (b) does not imply condition (c).
We fix an odd prime number p and we denote by E the extraspecial group
of order p3.
We now consider an infinite family {Fi}i of linearly disjoint finite Galois
extensions of Q, where Gal(Fi/Q) = E for every i and Fi ∩ Fj = 1 for i 6= j.
We know that such a family exists: in fact a famous theorem of Shafarevich
(see [14]) asserts that every solvable group of odd order can be realized over
Q. Now, for every integer n, the group En = E × . . . × E, being a p-group,
is solvable and hence realizable. We denote by F its realization, that is F is a
finite Galois extension of the rationals with Galois group Gal(F/Q) = En. We
notice that En has n normal subgroups H1, . . . ,Hn isomorphic to E
n−1 whose
intersection is trivial and En/Hi = E for all i’s. Thus F
H1 , . . . , FHn are n
linearly disjoint realization of E over Q and we can make this construction for
every integer n.
Remark 4.2. If one wants to avoid the use of Shafarevich’s result, in section
5.1.1 of Chapter 5, we will give a realization of such a family.
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Now we consider the family of finite Galois extensions {Km}m constructed in
the following way: for every m, we denote by Lm the compositum of m linearly
disjoint extraspecial extensions of order p3 F1, . . . , Fm. By construction, we
have Gal(Lm/Q) = E × . . .× E = Em. Now we consider the normal subgroup
Nm of E
m described in Proposition 3.2.1 and we denote by Km := L
Nm
m the
subfield of Lm fixed by this subgroup.
We have that Km/Q is a finite Galois extension with Galois group Gm =
Em/Nm which is an extraspecial group of order p
2m+1.
We denote by K the compositum of the family {Km}m. By construction
every field Km is contained in Q(p
3), so K ⊆ Q(p3) and (b) holds for K.
However, suppose that there exists a positive integer d such that, for every
m, Km can be generated by elements of degree smaller than d, that is Km can
be written as the compositum of all its subextensions of degree at most d over
Q. We now fix m such that d < pm and we denote by {Hm,i}i the family of all
subgroups of Gm of index at most p
m in Gm. By the Galois correspondence,
{KHm,im }i is the family of all subextensions of Km of degree at most pm over Q
and we denote the compositum of this family by Fm.
We have the following situation
Km
Fm
K
Hm,1
m K
Hm,2
m . . .
Q
We notice that Fm is strictly contained in Km since Gal(Km/Fm) =
⋂
iHm,i
and, from Proposition 3.4.3, we have
Z(Gm) ⊆
⋂
i
Hm,i = Gal (Km/Fm) 6= 1.
Therefore Km strictly contains the compositum of its subextensions of degree
at most d and K does not satisfies property (c).
4.5 Proof of (iii)
We now want to prove that (a) does not imply (b). To do this, it suffices to
show the existence of an extension K of Q with uniformly bounded local degrees
which is not contained in Q(d) for any integer d.
In view of Theorem 2.2.2 and property (2), in order to construct such a
field, we have to find a family of finite Galois extensions {Km}m such that,
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setting Gm := Gal(Km/Q), the family of groups {Gm}m satisfies the following
conditions:
1. exp(Gm) is bounded by a constant which does not depend on m;
2. there exists a strictly increasing sequence of positive integer {cm}m such
that Gm has a minimal normal subgroup of order cm.
Then the compositum K of the family of fields {Km}m has the desired property.
In fact condition (1) implies that exp(Gal(K/Q)) is finite, which is equivalent
to the fact that K has uniformly bounded local degrees. As for condition (2),
it implies that (b) does not hold for K.
4.5.1 Construction of the field K
We take p and q two odd primes such that p divides q − 1.
We denote by Em the extraspecial group of order p
2m+1 and exponent p and
by Fq[Em] its regular representation.
We recall that
Fq[Em] = {
∑
e∈Em
aee|ae ∈ Fq}
and that Em acts on Fq[Em] by translation.
Now we consider the family of finite groups {Gm}m≥1 where
Gm = Fq[Em]o Em,
the semidirect product being taken via the natural action of Em on Fq[Em].
We can now prove the following lemma.
Lemma 4.5.1. The family {Gm}m≥1 satisfies condition (1) with bound pq and
condition (2) with cm = q
pm .
Proof. We have that exp(Gm) = pq for every m, thus condition (1) holds.
As for condition (2), we notice that, since q and p are different primes,
then by Maschke’s theorem (see [3], Ch.A, §11, Thm. 11.5) the group algebra
Fq[Em] is a semisimple algebra. In particular every irreducible Em-module over
Fq appears as a direct summand of Fq[Em].
We now take the absolutely irreducible Em-module Wm constructed in Sec-
tion 3.3. By abuse of notation, we denote by Wm a subgroup of Fq[Em] isomor-
phic as a submodule to Wm. Finally, we denote by Hm the subgroup of Gm
given by Hm := Wm o 1.
We have that Hm is a normal subgroup of Gm and it is also minimal since
it is isomorphic to Wm which is irreducible as a module. Moreover it has order
|Hm| = qpm . Thus condition (2) is true with cm = |Hm| = qpm .
We have now constructed a family of groups which satisfies the desired prop-
erties and we want to find a family of number fields realizing these groups. Such
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a family exists: in fact the groups Gm’s are pq-groups and, by Burnside’s The-
orem (see [3], Ch. I, §2, p.210), they are solvable. Again by Shafarevich’s
Theorem (see [14]) they can be realized over Q (recall that p and q are odd
primes), that is there exists a family of number fields {Km}m≥1 such that, for
every m, Gal(Km/Q) = Gm and we denote by K the compositum of this family.
Therefore the field K satisfies (a), but not (b) of Thereom 2.
Remark 4.3. Shafarevich’s result is not necessary to prove the existence of
such a family, since this will be explicitly constructed in Section 5.2 of Chapter
5.
4.5.2 An explicit bound for the local degrees of K
In view of Theorem 2.2.2, condition (1) is sufficient to prove that the con-
structed field K has uniformly bounded local degrees; however one may be
interested in knowing an effective bound for the local degrees of K.
We fix a prime number ` and we consider the completion of every Km at a
prime v above `, say Km,v. The Galois group of the tame part of the extension
Km,v/Ql is metabelian of order at most (pq)3. In view of Theorem 1.6.2, the
first ramification group G1 has the following structure:
• for ` = q it is a subgroup of Fq[Em] and therefore elementary abelian of
order at most q(pq)
3+2;
• for ` = p it is a subgroup of Em with at most (pq)3 + 2 generators. In
view of Proposition 3.4.1, |G1| ≤ p(pq)3+3.
• G1 is trivial otherwise.
Now we can apply the formula given in Theorem 2.3.1 with n = (pq)3 + 3 and
we obtain an explicit bound for the local degrees of K.
This bound is very huge and it can be significantly improved via the following
considerations. We fix a prime ` of Q and we denote by w a valuation of K
above ` and by v the restriction of w to Km. We have to discuss three cases.
1. If ` 6= p, q then, for every m, the extension Km,v/Q` is tame and it is con-
tained in the compositum of all metabelian extensions of Q` of exponent
dividing pq, which has degree bounded by q6.
2. If ` = q the unramified part of the extension is contained in the com-
positum Lur of all unramified extensions of Qq of degree dividing pq and
this extension has degree bounded by pq; the tame and totally ramified
part of the extension is either trivial or cyclic of degree p. Therefore it is
contained in the compositum Ltame of all cyclic extensions of Lur of de-
gree p, which has degree bounded again by p2. Finally, the wild ramified
part, having Galois group which is a subgroup of Fq[Em] and therefore
elementary abelian, is contained in the compositum of all q-elementary
abelian extensions of Ltame, which has degree over Ltame at most qp
3q+2.
Therefore the local degree of K at q is at most qp
3q+3p3 < qq
4+6.
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3. If ` = p we denote by Hm the Galois group of the local extension Km,v/Qp.
Since Gal(Km/Q) = Fq[Em] o Em is a pq-group with a unique q-Sylow
subgroup Fq[Em], which is normal, then Hm also possesses a unique q-
Sylow subgroup Qm. By Schur-Zassenhaus’s theorem, since p and q are
different primes, Hm = Qm o Pm, where Pm is the p-Sylow subgroup,
Qm ≤ Fq[Em], Pm ≤ Em and the action of Pm on Qm is induced by
the action of Em on Fq[Em] by restriction. Then the extension KQmm,v/Qp,
having metabelian Galois group Pm, is contained in the compositum L of
all metabelian p-extensions of Qp, which has degree [L : Qp] ≤ pp2+4 ≤
qq
2+4. Moreover Km,v/K
Qm
m,v is an abelian q-extension of a p-adic field
with (p, q) = 1, thus it is contained in the compositum L′ of all tamely
ramified extensions of L of degree q and we have [L′ : L] ≤ q2. Then the
local degree of K at p is bounded by qq
2+6.
Summing up these results, K has local degrees bounded by qq
4+6.
Remark 4.4. A further improvement of the bound can be obtained using a
theorem which is due to Scholz and Reichardt (see [11]). We only state this
result, which is an important theorem of inverse Galois theory and it is a special
case of Shafarevich’s Theorem about realization of p-groups over Q. One can
find a modern presentation of Reichardt’s proof in Serre’s course on Galois
theory (see [12], 2.1).
Theorem 4.5.2 (Scholz and Reichardt). Let p be an odd prime. Then every
p-group can be realized as a Galois group over Q. Moreover if G is a p-group of
order pn, then one can find a number field F with Gal(F/Q) = G such that:
1. F is ramified above at most n primes;
2. If ` is a prime of Q which is ramified in F/Q then:
(a) ` ≡ 1 modulo p;
(b) if β is a prime of F lying over `, then the inertia group and the
decomposition group associated to β are equal.
We notice that condition (2a) implies that the field F can only have tame
ramification (in particular p cannot ramify in K), while condition (2b) is equiv-
alent to the fact that the local extension Fβ/Q` is totally ramified.
The aim is now to realize the group Gm = Fq[Em] o Em in two steps: we
first realize the p-group Em using Sholz and Reichardt’s theorem and we denote
by Lm its realization; now we know that there exists a Galois extension Km of
Lm such that Gal(Km/Q) = Gm (since it is an embedding problem with abelian
kernel). Then, preserving the previous notation, if ` = p, by construction, the
extension Km,v/Qp is unramified and its degree is bounded by q2. If ` 6= p, q
the local degree is at most q6, as we proved before.
If ` = q, in view of Scholz and Reichardt’s result, the extension Lm,v/Qq is
either trivial or totally ramified and tame. Thus it is contained in the composi-
tum Ltame of all totally ramified and tame extensions of Qq of degree p and this
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field has degree over Qq bounded by p2 < q2. Now the extension Km,v/Lm,v is
a q-extension of a q-adic field with q-elementary abelian Galois group. There-
fore it is contained, for every m, in the compositum of all q-elementary abelian
extensions of Ltame, which has degree at most qq
2+2 over Ltame.
Therefore the local degrees of the compositum K of the fields Km’s is
bounded by qq
2+4.
Chapter 5
Some explicit constructions
In Chapter 4 we saw that among the basic ingredients of the proof of the main
theorem was the existence of certain Galois extensions with special properties;
this was done using Shafarevich’s Theorem on the realizability of solvable groups
of odd order over Q.
This chapter provides explicit realizations for the groups described in Chap-
ter 4. These constructions are interesting for two reasons: firstly they permit
to avoid the use of Shafarevich’s result. Secondly, coming back to one of the
original motivations of this work, Widmer proves in paper [16] that the North-
cott property for an infinite algebraic extension K of Q is strictly related to the
behavior of the discriminants of certain finite subextensions of K. Therefore,
knowing how to concretely construct fields described in Chapter 4 could be a
step towards understanding whether these extensions might have the Northcott
property or not.
The chapter has the following structure: Section 5.1 is devoted to describe
the realization of extraspecial p-groups over a field of characteristic zero con-
taining a primitive p-th root of unity. This shall entail the existence of the
family of number fields used in the proof of (ii) of Theorem 2, as pointed out
in Remark 4.2; in Section 5.2 we use a method described by Serre in [12] to
solve embedding problems with abelian kernel. This result, together with the
construction of Section 5.1, shall provide a realization of the family of Galois
extensions needed to prove part (iii) of the main theorem, as announced in
Remark 4.3.
5.1 Realizing extraspecial p-groups over number
fields
In this section we describe a method which can be used to realize extraspecial
p-groups over fields of characteristic zero containing a primitive p-th root of
unity.
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We saw in Chapter 3 that an extraspecial p-group of order p2m+1 is isomor-
phic to a quotient of the direct product of m extraspecial groups of order p3.
We want to use this special property of the structure of extraspecial groups to
realize them.
This is done in two steps: first we use a method described in Michailov’s
paper [7] to give explicit realizations of extraspecial groups of order p3 over some
number field k; then we obtain a Galois extension of k with Galois group the
extraspecial group of order p2m+1 as a subfield of the compositum of m linearly
disjoint extraspecial extensions of order p3.
5.1.1 Extraspecial groups of order p3
We let E be an extraspecial group of order p3. We want to realize E over a
field k of characteristic zero containing a primitive p-th root of unit ζp. In order
to do this we use the method described in [7], Thm. 3.1 and Thm. 3.2.
First of all, we take a cyclic extension k( p
√
a)/k with Gal(k( p
√
a)/k) =< σ >
and σ( p
√
a) = ζ p
√
a. We denote by Nσ the norm function of the extension
k( p
√
a)/k. Now we make slightly different constructions depending on the expo-
nent of the extraspecial group E.
(a) The case exp(E) = p
In this case G is isomorphic to the group
H =< u, v|up = vp = 1, [u, v] ∈ Z(H) > .
We now look for an element x ∈ k( p√a) such that:
1. its norm b = Nσ(x) =
∏p
i=1 σ
i(x) is not a p-th power in k, that is b 6∈ k∗p.
2. k( p
√
a) ∩ k( p√b) = k, that is k( p√a) 6= k( p√b) (since these extensions have
the same order, which is a prime, either they are equal or they intersect
in k).
We notice first of all that condition (1) implies condition (2). In fact if condition
(2) does not hold, then k( p
√
a)∩k( p√b) = k( p√a). Since k contains a p-th root of
unity, by Kummer theory we have that b = aiyp for some y ∈ k and (i, p) = 1.
Now a ∈ k( p√a)p since a = αp where α = p√a; therefore b = (αiy)p is a p-th
power in k( p
√
a) and its norm belongs to k∗p and condition (1) does not hold.
Nowwe want to find the sought-for element x. By Chebotarev’s Theorem,
there exists a prime q in k which splits completely in k( p
√
a). We denote by
β1, . . . , βp the distinct primes of k( p
√
a) above q. By Nagata’s theorem on ana-
lytic independence of valuations (see [8]) the system{
vβ1(X) = 1
vβi(X) = 0 ∀i 6= 1 (5.1)
is solvable in k( p
√
a). We take x ∈ k( p√a) which solves the system and we claim
that x satisfies conditions (1) and (2).
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Condition (1) holds for x, since q exactly divides b = Nσ(x), which cannot
be a p-th power in k.
Now, we set Gal(k( p
√
b)/k) =< τ >, with τ( p
√
b) = ζp
p
√
b. We have that
L = k( p
√
a, p
√
b) is a bicyclic extension of order p2 of k and Gal(L/k) =< σ¯, τ¯ >
with σ¯|k( p√a) = σ, τ¯ |k( p√b) = τ and σ¯|k( p√b) = τ¯ |k( p√a) = id.
We now consider the element
ω = xp−1σ(xp−2) . . . σp−2(x) =
bp−1∏p−1
i=1 σ
i(xi)
.
We want to prove that M = L( p
√
ω)/k is a Galois extension with Galois
group isomorphic to H.
The situation is the following:
M = L( p
√
ω)
L = k( p
√
a, p
√
b)
<σ¯,τ¯>
σ¯τ¯
k( p
√
a)
σ
k( p
√
b)
τ
k
We notice that, since ω ∈ k( p√a), then τ¯(ω) = ω. Moreover we have that
σ¯(ω) = σ(ω) =
bp−1 · b∏p−1
i=1 σ
i(xi)xp
= ω
(
p
√
b
x
)p
(5.2)
hence σ¯(ω)/ω ∈ L∗p. Thus M/k is a Galois extension and we extend σ¯ and τ¯
to Gal(M/k) by σ˜( p
√
ω) =
(
p√
b
x
)
( p
√
ω) and τ¯( p
√
ω) = ζp p
√
ω.
Now we notice that ω 6∈ L∗p. In fact, if we suppose that ω ∈ L∗p, since
b ∈ L∗p and
ω =
bp−1∏p−1
i=1 σ
i(xi)
,
we get ω/bp−1 = zp for some z ∈ k( p√a)∗. From equality (5.2) we obtain
b =
(
σ˜(z)x
z
)p
∈ k( p√a)p which is a contradiction. Therefore the extension M/L
is cyclic of order p and Gal(M/L) =< η >, where η( p
√
ω) = ζp p
√
ω.
Now M/k is a Galois extension of order p3 and Gal(M/k) is generated by η,
σ˜ and τ˜ . We also notice that η commutes both with σ˜ and τ˜ , ηp = σ˜p = τ˜p = id
and the relation σ˜τ˜ η = τ˜ σ˜ holds. Thus Gal(M/k) ' H, where the isomorphism
is given by σ˜ 7→ u and τ˜ 7→ v.
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The case p = 2
If p = 2 the previous construction gives a dihedral extension of k.
In fact, preserving the previous notation, we have L = k(
√
a,
√
xσ(x)) with
Gal(L/k) =< σ¯, τ¯ >. Setting M = L(
√
x) we have Gal(M/k) =< σ˜, τ˜ >
with σ˜(
√
x) =
(√
xσ(x)
x
)
(
√
x) and τ˜(
√
x) = −√x which satisfy the relations
σ˜2 = τ˜2 = (σ˜τ˜)4 = 1.
Thus Gal(M/k) is isomorphic to the dihedral group of order 8.
(b) The case exp(E) = p2
Now E is isomorphic to the group
F =< u, v|up2 = vp = 1, [u, v] = up > .
Arguing as in the previous case, we can take an element x ∈ k( p√a) such that,
if b = ζpNσ(x), the extension k(
p
√
b) is cyclic and k( p
√
b) ∩ k( p√a) = k. We
set Gal(k( p
√
b)/k) =< τ >, with τ( p
√
b) = ζp
p
√
b. As before, we have that
L = k( p
√
a, p
√
b) is a bicyclic extension of order p2 of k and Gal(L/k) =< σ¯, τ¯ >
with σ¯|k( p√a) = σ, τ¯ |k( p√b) = τ and σ¯|k( p√b) = τ¯ |k( p√a) = id.
We now consider the element
ω = xp−1σ(xp−2) . . . σp−2(x) p
√
a =
bp−1∏p−1
i=1 σ
i(xi)
p
√
a.
and we set M = L( p
√
ω).
As in the previous construction, M/k is a Galois extension, since τ¯(ω) = ω
and σ¯(ω) = σ(ω) = ω
(
p√
b
x
)p
, thus we can extend σ¯ and τ¯ to Gal(M/k) by
σ˜( p
√
ω) =
(
p√
b
x
)
( p
√
ω) and τ¯( p
√
ω) = ζp p
√
ω. Moreover ω 6∈ L∗p.
Hence we have that M/k is a Galois extension of order p3. We set < η >=
Gal(M/L) with η( p
√
ω) = ζp p
√
ω and we have that Gal(M/k) is generated by η,
σ˜ and τ˜ . Since η is a central element and the relations ηp = σ˜p
2
= τ˜p = id,
η = σ˜p, τ˜ σ˜ = σ˜p+1τ˜ hold, then Gal(M/k) ' F , where the isomorphism is given
by σ˜ 7→ u and τ˜ 7→ v.
The case p = 2
If p = 2 the previous construction gives again a dihedral extension of k. In
fact we have L = k(
√
a,
√−xσ(x)) and ω = x√a, thus M = L(√x√a). Here
the extensions of σ¯ and τ¯ to Gal(M/k) are given by
σ˜(
√
x
√
a) =
(√−xσ(x)
x
)
(
√
x
√
a)
and
τ˜(
√
x
√
a) = −
√
x
√
a.
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We notice that σ˜4 = τ˜2 = (σ˜τ˜)2 = 1. Thus, if we set ε = σ˜τ˜ , we have
that Gal(M/k) =< σ˜, τ˜ >=< ε, τ˜ |ε2 = τ˜2 = (ετ˜)4 = 1 > is isomorphic to the
dihedral group of order 8.
Remark 5.1. We have seen that for p = 2 the above constructions give a
realization of the dihedral group over k. This comes from the fact that actually
we have realized the groups
(Z/pZ)2 o Z/pZ
and (
Z/p2Z
)
o Z/pZ
described in Proposition 3.2.6, which are isomorphic to the extraspecial groups
H and F . However, for p = 2, the above groups are both isomorphic to the
dihedral group of order 8.
The quaternion group
One could ask whether a similar technique can be used in order to realize
the quaternion group Q of order 8, but the answer is negative, since Q cannot
be written as a semidirect product of two groups.
Nevertheless we can use a method described by Fujisaki in [5] to give an
elementary realization of the quaternion group of order 8 over any field of char-
acteristic zero.
We let k be a field of characteristic 0 and we take two elements m,n ∈ k∗\k∗2
of the form m = p2 + q2 + r2 and n = p2 + q2, with p, q, r ∈ k, pqr 6= 0 and
mn 6∈ k∗2, such that the extension L = k(√m,√n) is a biquadratic extension
of k. We set
H = Gal(L/k) = {σ1, σ2, σ3, σ4} ' (Z/2Z)2
where
σ1 : (
√
m,
√
n) 7→ (√m,√n), σ2 : (
√
m,
√
n) 7→ (−√m,√n),
σ3 : (
√
m,
√
n) 7→ (√m,−√n), σ4 : (
√
m,
√
n) 7→ (−√m,−√n).
Now we consider the element
ω =
√
mn(
√
m+
√
n)(
√
n+ p) ∈ L.
We set M = L(
√
ω) and we let αi : M → kalg denote a fixed extension of σi to
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M . We have the following situation:
M = L(
√
ω)
2
L = k(
√
m,
√
n)
H
22
k(
√
m)
2
k(
√
n)
2
k
Some easy calculations show that M/k is a Galois extension since σi(ω)/ω ∈
L2 for all i’s and, in particular, we can take
α1(
√
ω) = e1
√
ω,
α2(
√
ω) = e2
(√
m−√n
r
)√
ω,
α3(
√
ω) = e3
(√
m−√n
r
)(√
n−p
q
)√
ω,
α4(
√
ω) = e4
(√
n−p
q
)√
ω,
where ei ∈ {±1} are signs depending on αi.
Moreover we have that α2i |L = σ2i = id and α2i (
√
ω) = −√ω for all i’s. Thus√
ω 6∈ L, otherwise it would be fixed by α2i .
So we proved that the extension M/k is a Galois extension of degree 8. Let
us set G = Gal(M/k). It is easy to see, choosing e1 = −1, that
G = {id, α1, α2, α32, α3, α33, α4, α34}
since they are all distinct elements.
Replacing αi by α
3
i , we can suppose that ei = 1 for i ∈ {2, 3, 4}. Then
we have the following relations: α4i = 1 for all i’s, α
2
i = α1 for i ∈ {2, 3, 4},
α3α2 = α4, α4α3 = α2, α2α4 = α3 e α3α2α
−1
3 = α
3
2 = α
−1
2 .
These relations shows that
G = Gal(M/k) =< α2, α3|α22 = α23, α42 = id, α3α2α−13 = α−12 >
is isomorphic to the quaternion group Q.
5.1.2 Extraspecial groups of any order and exponent p
After a brief overview on the realization of extraspecial groups of order p3,
we focus on extraspecial groups of order p2m+1 and exponent p. We want to
prove the following theorem.
Theorem 5.1.1. Let k be a field of characteristic zero containing a primitive p-
th root of unity ζp. Let a1, b1, . . . , am, bm ∈ k be elements defined in the following
way.
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(i) For every i the element ai is not a p-th power in k and the ideal (ai) is
prime to the ideals (aj) and (bj) for every j < i.
(ii) Denote by σi the generator of Gal(k( p
√
ai)/k) such that σi( p
√
ai) = ζp p
√
ai.
Let qi be a prime of k which splits completely in the extension k( p
√
ai)/k
and such that qi 6= qj for every j < i. Denote by βi1, . . . , βip the primes of
k( p
√
ai) above qi and by Si the set of primes of k( p
√
ai) lying above p and
above the primes of k dividing (aj) or (bj) for j < i. Let xi ∈ k( p√ai) be
a solution of the system
vβi1(X) = 1
vβij (X) = 0 ∀j 6= 1
vβ(X) = 0 ∀β ∈ Si.
(5.3)
and set bi := Nσi(xi).
Finally consider the elements ω1, . . . , ωm defined as
ωi :=
bp−1i∏p−1
j=i σ
j
i (x
j
i )
.
Then the extension k( p
√
a1,
p
√
b1, . . . , p
√
am,
p
√
bm, p
√
ω1 · · ·ωm)/k is a Galois ex-
tension with Galois group the extraspecial group of order p2m+1 and exponent
p.
Proof. The first part of property (1) follows from the construction made in
Section 5.1.1. In fact, setting
Mi := k( p
√
ai,
p
√
bi, p
√
ωi),
the extensions Mi/k are Galois extensions with Galois group Hi which is an
extraspecial group of order p3 and exponent p.
We want to prove that the extensions Mi’s are linearly disjoint and that
property (2) holds. We prove the result by induction on m. The theorem is
trivially true for i = 1.
We suppose the theorem to be true for i < m and we want to prove that
the extension Mm is linearly disjoint from Mi for every i < m. Since the only
primes of k which ramify in the extensions k( p
√
ai) and k(
p
√
bi) are those above p
and those diving the ideals (ai) and (bi) respectively, condition (i) ensures that
k( p
√
am) ∩ k( p√ai) = k( p√am) ∩ k( p
√
bi) = k
for every i < m. Since xm satisfies the system (5.3), we also have
k( p
√
am) ∩ k( p
√
bm) = k.
Moreover we notice that if β is a prime of k above p or diving (ai) or (bi) for
i < m, then β does not divide (bm), otherwise (xm) would be divisible by some
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elements of Sm. Using the previous arguments we get that k( p
√
am,
p
√
bm) ∩
k( p
√
ai,
p
√
bi) = k for every i < m.
We notice that an extraspecial group of order p3 has a unique normal sub-
group of order p, which is given by the center; then the extension k( p
√
am,
p
√
bm)
is the unique p-elementary subextension of Mm of order p
2. Therefore the ex-
tensions M1, . . . ,Mm are linearly disjoint.
We now want to prove condition (2). We denote by km the compositum of
the fields M1, . . . ,Mm. Then Gal(km/k) = H1 × . . .×Hm and the field
M = k( p
√
a1,
p
√
b1, . . . , p
√
am,
p
√
bm, p
√
ω1 . . . ωm)
is a subfield of km.
We consider the subgroup Nm of H1 × . . .×Hm defined by
Nm = {(za11 , . . . , zamm )|a1 + . . .+ am ≡ 0 mod p}
where Z(Hi) =< zi >. From previous considerations, the element zi acts in the
following way:
• zi( p√ωi) = ζp p√ωi;
• zi( p√ai) = p√ai;
• zi( p
√
bi) =
p
√
bi.
In view of the results of Chapter 3, the quotient (H1 × . . . × Hm)/Nm is an
extraspecial group of order p2m+1 and exponent p; therefore, by the Galois
correspondence, the extension kNmm /k is an extraspecial extension of order p
2m+1
and exponent p. We claim that M = kNmm .
The field
k( p
√
a1,
p
√
b1, . . . , p
√
am,
p
√
bm)
has degree p2m over k and is contained in kNmm , since it is fixed by every element
of Nm. Thus k
Nm
m must be a p-extension of this field.
If we take n = (za11 , . . . , z
am
m ) ∈ Nm, we have
n( p
√
ω1 · . . . · ωm) = ζpa1+...+am p√ω1 · . . . · ωm = p√ω1 · . . . · ωm
since
∑m
i=1 ai ≡ 0 mod p for n ∈ Nm.
Therefore M ⊆ kNmm and, since they have the same degree over k, they are
equal.
5.2 Extension by the group algebra
This section is meant to provide an explicit realization of fields used in the
proof of part (iii) of Theorem 2, as announced in Remark 4.3.
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To do this we will resort to considerations from Section 3.3 on irreducible
modules of extraspecial groups over certain finite fields, the explicit realization
of extraspecial groups given in the previous section and a method by Serre.
We fix two odd different primes p and q, with p dividing q− 1. We consider
the family of groups {Em}m, where Em is the extraspecial p-group of order
p2m+1 and exponent p and we denote by Fq[Em] the group algebra of Em over
Fq.
We shall now use the method described in Serre’s book [12], p.18, to prove
that if F is a number field containing a q-th root of unity, Lm/F is a Ga-
lois extension with Galois group Em and Gm is the semidirect product Gm =
Fq[Em]o Em, then the embedding problem for Lm/F and for
1→ Fq[Em]→ Gm → Em → 1
has a solution, that is, there exists a Galois extension Km of Lm such that:
1. Gal(Km/Lm) = Fq[Em];
2. Km/F is Galois with Galois group isomorphic to Gm.
In order to construct Km, we take a place v of F which splits completely in Lm
and we consider a place w of Lm above v. Now we choose an element x ∈ Lm
such that x has w-adic valuation 1, but wi-adic valuation 0 for every wi 6= w
above v.
We consider the set ∆ := { q√σ(x)|σ ∈ Gal(Lm/F ) = Em} and we set
Km = Lm(∆). Then the extension Km/Lm is a Galois extension with Galois
group isomorphic to Fq[Em]. In fact we consider the map
λ : Fq[Em]→ Gal(Km/Lm)∑
σ∈Em
aσσ 7−→ τ
where τ is defined as τ( q
√
σ(x)) = ζaσq
q
√
σ(x). Then λ is clearly injective and
surjective and it is the sought for isomorphism.
Moreover the extension Km/F is a Galois extension: in fact for every σ ∈
Gal(Lm/F ) = Em and every embedding σ˜ : Km → F alg with σ˜|Lm = σ we
have that, by construction, σ˜ is an automorphism of Km. Finally the Galois
group Gal(Km/F ) is isomorphic to the semidirect product Fq[Em]o Em, with
Em acting on Fq[Em] by translation.
Now we set F = Q(ζp, ζq) and we take Lm to be the extension with Galois
group Gal(Lm/F ) = Em the extraspecial group of order p
2m+1 and exponent
p constructed in section 5.1.2. Then we apply the above construction to find
a family of number fields {Km}m with Galois groups Gal(Km/Q(ζp, ζq)) =
Fq[Em] o Em. In view of Theorem 2, part (iii), the compositum K of this
family is an infinite algebraic extension of Q with uniformly bounded local
degrees which is not contained in Q(d) for any positive integer d.
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